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A B S T R A C T

Multi-view learning based on generalized eigenvalue proximal support vector machines has brought enormous
success by mining the consistency information of two views. Nevertheless, it only aims to handle two-view cases
and cannot handle generalized multi-view learning cases (above two views). It also omits the complementarity
information among views. In this paper, two generalized multi-view extensions of generalized eigenvalue
proximal support vector machines are presented which take advantage of the multi-view co-regularization
term to mine the consistency information and the weighted value to mine complementarity information.
Experimental results performed on synthetic and real world datasets demonstrate that they can provide higher
performance than the relevant two-view classification algorithms.
1. Introduction

Support vector machines (SVMs) are an outstanding supervised
classification method (Shawe-Taylor & Sun, 2011) that is on account of
the large margin criterion and structural risk minimization. SVMs gain
a best classification hyperplane by resolving a quadratic programming
problem (QPP).

Lately generalized eigenvalue proximal support vector machines
(GEPSVMs) (Mangasarian & Wild, 2006), improved generalized eigen-
value proximal support vector machines (IGEPSVMs) (Shao, Deng,
Chen and Wang, 2013) and twin support vector machines (TSVMs)
(Jayadeva et al., 2007) as non-parallel hyperplane classifiers have been
proved to be very effective. They produce a relevant hyperplane for
each class which is close to one class and as far as possible from the
other classes. In contrast with the conventional SVMs, GEPSVMs and
IGEPSVMs gain two non-parallel hyperplanes by resolving a pair of
generalized eigenvalue problems and standard eigenvalue decompo-
sition problems, respectively. GEPSVMs were developed to the semi-
supervised learning framework based on the manifold regularization
term (Chen et al., 2014; Yang et al., 2009). 𝐿1 norm and 𝐿𝑞 norm
GEPSVMs with an effective alternating algorithm (Sun et al., 2018; Yan
et al., 2018) were proposed for classification. A proximal classification
method based on the consistency (Shao, Deng and Chen, 2013) was
presented to prevent the possible singular cases in GEPSVMs. GEPSVMs
were also applied in the regression (Khemchandani et al., 2013) and
clustering problems (Yang et al., 2015).
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Multi-view learning (MVL) (Zhao et al., 2017) pays attention to
multi-model datasets. For instance, a web page includes the text infor-
mation in itself and hyperlink information. Images could be represented
by numerous features such as HOG, LBP and SIFT. Prevenient MVL
methods straightforwardly employ the connected views for learning.
Nevertheless, these methods not only produce the curse of dimen-
sionality problem, but also omit the statistical feature of each view.
Despite that each view can perform efficiently for a given learning
case, improvements could be gained by integrating the manually pro-
duced views. The success of MVL methods is usually on account of
two main criterions: consistency and complementarity criterions. The
consistency criterion enforces predictions of all views to be as identical
as possible while the complementarity criterion takes advantage of the
complementary information shared by all views.

Co-training class methods, co-regularization class methods and mar-
gin consistency class methods are three categories of existing MVL
methods. Co-training class methods alternatively maximize the com-
mon agreement on two views to ensure the consistency. co-EM (Nigam
& Ghani, 2000) and co-training with the robustness (Sun & Jin, 2011)
are parts of the classes. Co-regularization class methods integrate multi-
view co-regularization term to the objective function or multi-view
constraint so as to minimize the discrepancy between the predic-
tions of two views. Typical two-view learning methods based on
SVMs and TSVMs are two-view SVMs (Farquhar et al., 2006), sparse
multi-view SVMs (Sun & Shawe-Taylor, 2010) and multi-view TSVMs
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(MvTSVMs) (Xie & Sun, 2015). Some researchers studied their theoreti-
cal analysis with Rademacher complexity (Bartlett & Mendelson, 2002;
Sun & Shawe-Taylor, 2010). Lately, PAC-Bayes bounds (Sun et al.,
2017) were used to analyze MVL based on SVMs. Margin-consistency
class methods are on account of maximum entropy discrimination
(MED). Sun and Chao (2013) presented a multi-view version of MED
by integrating two-view classification parameters to a independent
entropy, and then they (Chao & Sun, 2016a) developed another multi-
view MED which gets a compromise on two related entropies for two
views. Some improvements about them were proposed in Chao and Sun
(2016b, 2016c) and Mao and Sun (2016).

Lately, multi-view least squares support vector machines (Houthuys
et al., 2018) gained the consistency by minimizing multiplication cross
terms of the errors from all views. Tang, Tian, Liu et al. (2018), Tang,
Tian, Zhang et al. (2018) proposed privileged two-view SVMs which
mine the complementary information of two views with privileged
information, multi-view nonparallel support vector machines (Tang, Li
et al., 2018) and coupling privileged kernel method for MVL (Tang
et al., 2019). Our prior work of MVL mainly contains regularized multi-
view least squares twin support vector machines (Xie, 2018), multi-
view GEPSVMs (MGSVMs) and multi-view IGEPSVMs (MIGSVMs) (Sun
et al., 2019). However, MGSVMs and MIGSVMs only obey the consis-
tency criterion and omit the complementarity criterion. They are only
constructed for two-view cases and cannot handle generalized MVL
cases.

In this paper, inspired by these shortcomings, we build general-
ized multi-view generalized eigenvalue proximal support vector ma-
chines (GMGSVMs) and generalized multi-view improved generalized
eigenvalue proximal support vector machines (GMIGSVMs) which take
advantage of the multi-view co-regularization to mine the multi-view
consistency information and adopt the weighted value to fully make
use of the multi-view complementary information.

Our contributions are listed below:
(1) Since multi-view GEPSVMs and multi-view IGEPSVMs only han-

dle two-view learning cases and omit the complementarity criterion,
we present two novel generalized multi-view learning models called
GMGSVMs and GMIGSVMs as their generalized multi-view extensions.
GMGSVMs and GMIGSVMs not only own the power of handling multi-
ple views, but also fully make use of the consistency and complemen-
tarity criterion among views.

(2) So as to efficiently resolve the optimization of our models, an
alternating algorithm is constructed to gain the optimal solution.

(3) We conduct experiments on five datasets. The experimental
results demonstrate the effectiveness of the proposed methods.

The following parts of this paper are as follows. Section 2.2 intro-
duces related work about MGSVMs and MIGSVMs. Section 3 thoroughly
describes our proposed GMGSVMs and GMIGSVMs. After reporting
experimental results in Section 4, we provide conclusions and future
work in Section 5.

2. Related work

Before reviewing the work of MGSVMs and MIGSVMs, we first give
the detail introduction of Rayleigh quotient which is significant for
MGSVMs.

2.1. Rayleigh quotient

For a given real symmetric matrix 𝑆 ∈ 𝑅𝑑×𝑑 and a non-zero real
ector 𝑤 ∈ 𝑅𝑑 , the Rayleigh quotient (Parlett, 1998) 𝑅𝑄(𝑆,𝑤) is
efined as

𝑄(𝑆,𝑤) = 𝑤⊤𝑆𝑤
𝑤⊤𝑤

, (1)

which reaches its minimum (maximum) value 𝛾1 (𝛾𝑑 ) when 𝑤 is 𝑤𝑚𝑖𝑛
2

(𝑤𝑚𝑎𝑥) which is the corresponding eigenvector.
For two real symmetric matrices 𝐻 ∈ 𝑅𝑑×𝑑 , 𝐺 ∈ 𝑅𝑑×𝑑 , and a
given non-zero real vector 𝑤 ∈ 𝑅𝑑 , the generalized Rayleigh quotient
𝑄(𝐻,𝐺,𝑤) is defined as

𝑅𝑄(𝐻,𝐺,𝑤) = 𝑤⊤𝐻𝑤
𝑤⊤𝐺𝑤

, (2)

which reaches its minimum (maximum) value 𝛾1 (𝛾𝑑 ) when 𝑤 is equal
o 𝑤𝑚𝑖𝑛 (𝑤𝑚𝑎𝑥). Here 𝑤𝑚𝑖𝑛 (𝑤𝑚𝑎𝑥) is the eigenvector of the general-
zed eigenvalue problem 𝐻𝑤 = 𝜆𝐺𝑤 corresponding to the minimum
maximum) eigenvalue.

.2. MGSVMs

Consider a two-view binary classification problem, given 𝑛 two-
iew examples with the label 𝑦𝑖 (𝑖 = 1, 2,… , 𝑛) ∈ {+1,−1}. Matrix
′
1 ∈ 𝑅𝑛1×𝑑1 denotes the examples belonging to class +1 of view 1,
nd matrix 𝐴′

2 ∈ 𝑅𝑛1×𝑑2 denotes the examples belonging to class +1 of
iew 2. Matrix 𝐵′

1 ∈ 𝑅𝑛2×𝑑1 denotes the examples belonging to class
1 of view 1, and matrix 𝐵′

2 ∈ 𝑅𝑛2×𝑑2 denotes the examples belonging
to class −1 of view 2. Two hyperplanes for two views are constructed
below.
view 𝑜𝑛𝑒 ∶ 𝑤+⊤

1 𝑥1 + 𝑏+1 = 0, 𝑤−⊤
1 𝑥1 + 𝑏−1 = 0,

iew 𝑡𝑤𝑜 ∶ 𝑤+⊤
2 𝑥2 + 𝑏+2 = 0, 𝑤−⊤

2 𝑥2 + 𝑏−2 = 0,
(3)

here 𝑥1 and 𝑥2 denote two views of 𝑥.
Define

1 = [𝐴′
1 𝑒], 𝐴2 = [𝐴′

2 𝑒],

1 = [𝐵′
1 𝑒], 𝐵2 = [𝐵′

2 𝑒],

1 = 𝐴⊤
1𝐴1, 𝐻1 = 𝐵⊤

1 𝐵1, 𝑣1 =
[

𝑤+
1

𝑏+1

]

, 𝑢1 =
[

𝑤−
1

𝑏−1

]

,

2 = 𝐴⊤
2𝐴2, 𝐻2 = 𝐵⊤

2 𝐵2, 𝑣2 =
[

𝑤+
2

𝑏+2

]

, 𝑢2 =
[

𝑤−
2

𝑏−2

]

.

(4)

or the simple description, 𝑒 is the appropriate vector with all elements
eing 1 in the whole paper.

The optimization problems of MGSVMs (Sun et al., 2019) are given
s follows

min
1≠0,𝑣2≠0

𝑣⊤1𝐺1𝑣1 + 𝑣⊤2𝐺2𝑣2 + 𝑐1(‖𝑣1‖2 + ‖𝑣2‖2)

𝑣⊤1𝐻1𝑣1 + 𝑣⊤2𝐻2𝑣2

+
𝑐2‖𝐴1𝑣1 − 𝐴2𝑣2‖2

𝑣⊤1𝐻1𝑣1 + 𝑣⊤2𝐻2𝑣2
,

(5)

min
1≠0,𝑢2≠0

𝑢⊤1𝐻1𝑢1 + 𝑢⊤2𝐻2𝑢2 + 𝑐1(‖𝑢1‖2 + ‖𝑢2‖2)

𝑢⊤1𝐺1𝑢1 + 𝑢⊤2𝐺2𝑢2

+
𝑐2‖𝐵1𝑢1 − 𝐵2𝑢2‖2

𝑢⊤1𝐺1𝑢1 + 𝑢⊤2𝐺2𝑢2
,

(6)

where 𝑐1, 𝑐2 are non-negative regularization parameters, and ‖𝑣1‖2,
‖𝑣2‖2, ‖𝑢1‖2, ‖𝑢2‖2 are Tikhonov norm regularization terms. The first
optimization problem enforces +1 class hyperplane of view 1(2) to be
close to the relevant +1 class and as far as possible from the relevant
−1 class at the same time. The multi-view co-regularization terms
𝑐2‖𝐴1𝑣1 − 𝐴2𝑣2‖2 and 𝑐2‖𝐵1𝑢1 − 𝐵2𝑢2‖2 are considered as minimizing
the distance discrepancies of two views.

By definition of 𝑣 = [𝑣⊤1 𝑣⊤2 ]
⊤, 𝑢 = [𝑢⊤1 𝑢⊤2 ]

⊤, the above optimiza-
tion problems are equivalent to

min
𝑣≠0

𝑣⊤
[

𝐺1 0
0 𝐺2

]

𝑣 + 𝑐1‖𝑣‖2

𝑣⊤
[

𝐻1 0
0 𝐻2

]

𝑣

+
𝑐2𝑣⊤[𝐴1 − 𝐴2]⊤[𝐴1 − 𝐴2]𝑣

𝑣⊤
[

𝐻1 0
]

𝑣
,

(7)
0 𝐻2
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𝑢≠0

𝑢⊤
[

𝐻1 0
0 𝐻2

]

𝑢 + 𝑐1‖𝑢‖2

𝑢⊤
[

𝐺1 0
0 𝐺2

]

𝑢

+
𝑐2𝑢⊤[𝐵1 − 𝐵2]⊤[𝐵1 − 𝐵2]𝑢

𝑢⊤
[

𝐺1 0
0 𝐺2

]

𝑢
,

(8)

define

𝑁1 =
[

(1 + 𝑐2)𝐺1 −𝑐2𝐴⊤
1𝐴2

−𝑐2𝐴⊤
2𝐴1 (1 + 𝑐2)𝐺2

]

+ 𝑐1𝐼,

𝑀1 =
[

𝐻1 0
0 𝐻2

]

,

𝑁2 =
[

(1 + 𝑐2)𝐻1 −𝑐2𝐵⊤
1 𝐵2

−𝑐2𝐵⊤
2 𝐵1 (1 + 𝑐2)𝐻2

]

+ 𝑐1𝐼,

𝑀2 =
[

𝐺1 0
0 𝐺2

]

,

and the optimization problems (7) and (8) can be further changed to

min
𝑣≠0

𝑣⊤𝑁1𝑣
𝑣⊤𝑀1𝑣

, (9)

min
𝑢≠0

𝑢⊤𝑁2𝑢
𝑢⊤𝑀2𝑢

. (10)

Their optimal solutions are gained by solving the following generalized
eigenvalue problems, respectively.

𝑁1𝑣 = 𝜆𝑀1𝑣,𝑁2𝑢 = 𝜆𝑀2𝑢. (11)

Suppose that they are gained, given a test example 𝑥, compute the
erpendicular distances of 𝑥 from two hyperplanes for each view

view one ∶ 𝑑11 =
|𝑥⊤1𝑤

+
1 + 𝑏+1 |

‖𝑤+
1 ‖

, 𝑑12 =
|𝑥⊤1𝑤

−
1 + 𝑏−1 |

‖𝑤−
1 ‖

,

iew two ∶ 𝑑21 =
|𝑥⊤2𝑤

+
2 + 𝑏+2 |

‖𝑤+
2 ‖

, 𝑑22 =
|𝑥⊤2𝑤

−
2 + 𝑏−2 |

‖𝑤−
2 ‖

.

(12)

hen the final decision function for the example 𝑥 is provided by

𝑦̂ = sign(𝑑12 + 𝑑22 − 𝑑11 − 𝑑21), (13)

here 𝑦̂ is the two-view fused result.

.3. MIGSVMs

The global representations of the hyperplanes and matrices are
rovided in Eqs. (3) and (4). Then the optimization problems of
IGSVMs (Sun et al., 2019) can be described by

in
𝑣,𝛼

1
𝛼
𝑣⊤

[

𝐺1 0
0 𝐺2

]

𝑣 − 1
𝛼
𝑐1𝑣

⊤
[

𝐻1 0
0 𝐻2

]

𝑣

+ 1
𝛼
𝑐2𝑣

⊤[𝐴1 − 𝐴2]⊤[𝐴1 − 𝐴2]𝑣

𝑠.𝑡. ‖𝑣‖2 = 𝛼, 𝛼 > 0,

(14)

in
𝑢,𝛼

1
𝛼
𝑢⊤

[

𝐻1 0
0 𝐻2

]

𝑢 − 1
𝛼
𝑐1𝑢

⊤
[

𝐺1 0
0 𝐺2

]

𝑝

+ 1
𝛼
𝑐2𝑢

⊤[𝐵1 − 𝐵2]⊤[𝐵1 − 𝐵2]𝑢

𝑠.𝑡. ‖𝑢‖2 = 𝛼, 𝛼 > 0,

(15)

where 𝑐1 and 𝑐2 are non-negative regularization parameters.
Define

1 =
[

(1 + 𝑐2)𝐺1 − 𝑐1𝐻1 −𝑐2𝐴⊤
1𝐴2

−𝑐2𝐴⊤
2𝐴1 (1 + 𝑐2)𝐺2 − 𝑐1𝐻2

]

,

𝑊2 =
[

(1 + 𝑐2)𝐻1 − 𝑐1𝐺1 −𝑐2𝐵⊤
1 𝐵2

⊤

]

,

3

−𝑐2𝐵2 𝐵1 (1 + 𝑐2)𝐻2 − 𝑐1𝐺2
and the optimization problems (14) and (15) are equivalent to

min
𝑣,𝛼

1
𝛼
𝑣⊤𝑊1𝑣

𝑠.𝑡. ‖𝑣‖2 = 𝛼, 𝛼 > 0,
(16)

in
𝑢,𝛼

1
𝛼
𝑢⊤𝑊2𝑢

𝑠.𝑡. ‖𝑢‖2 = 𝛼, 𝛼 > 0.
(17)

Then norm regularization terms were used to minimize the norm of
he hyperplane parameter 𝑣 and 𝑢 motivated by IGEPSVMs, and then

the optimization problems of MIGSVMs can be further written as

min
𝑣,𝛼

𝑣⊤𝑊1𝑣 + 𝑐3‖𝑣‖
2

𝑠.𝑡. ‖𝑣‖2 = 𝛼, 𝛼 > 0,
(18)

in
𝑢,𝛼

𝑢⊤𝑊2𝑢 + 𝑐3‖𝑢‖
2

𝑠.𝑡. ‖𝑢‖2 = 𝛼, 𝛼 > 0,
(19)

here 𝑐3 is a regularization parameter. The optimal solutions of (18)
nd (19) are gained by solving the following eigenvalue problems

𝑊1 + 𝑐3𝐼)𝑣 = 𝜆1𝑣, (𝑊2 + 𝑐3𝐼)𝑢 = 𝜆2𝑢. (20)

or the simple description, 𝐼 is an identity matrix of proper dimensions
n the whole paper.

Suppose that the hyperplane parameters of MIGSVMs are gained,
iven a test example 𝑥, compute the perpendicular distances of 𝑥 from
wo hyperplanes for each view

view one ∶ 𝑑11 =
|𝑥⊤1𝑤

+
1 + 𝑏+1 |

‖𝑤+
1 ‖

, 𝑑12 =
|𝑥⊤1𝑤

−
1 + 𝑏−1 |

‖𝑤−
1 ‖

,

view two ∶ 𝑑21 =
|𝑥⊤2𝑤

+
2 + 𝑏+2 |

‖𝑤+
2 ‖

, 𝑑22 =
|𝑥⊤2𝑤

−
2 + 𝑏−2 |

‖𝑤−
2 ‖

.

(21)

Then the final decision function for the example 𝑥 is provided by

𝑦̂ = sign(𝑑12 + 𝑑22 − 𝑑11 − 𝑑21), (22)

where 𝑦̂ is the two-view fused result.

3. Our proposed methods

MGPSVMs and MIGPSVMs are regarded as the first attempting of
GEPSVMs and IGEPSVMs for multi-view learning. In this section, we
develop them to handle generalized MVL cases with the consistency
and complementary criterions.

3.1. Linear GMGSVMs

The optimization problems for linear GMGSVMs are written as

min
𝜌𝑖 ,𝑧+𝑖

∑𝑇
𝑖=1 𝜌𝑖‖𝐴𝑖𝑧+𝑖 ‖

2 + 𝑐1
∑𝑇

𝑖=1 ‖𝑧
+
𝑖 ‖

2 + 𝑐2
∑𝑇

𝑖=1
∑𝑇

𝑖<𝑗 ‖𝐴𝑖𝑧+𝑖 − 𝐴𝑗𝑧+𝑗 ‖
2

∑𝑇
𝑖=1 ‖𝐵𝑖𝑧+𝑖 ‖2

+ 𝜆
2

𝑇
∑

𝑖=1
𝜌2𝑖

s.t. 𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1,

(23)
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min
𝜌𝑖 ,𝑧−𝑖

∑𝑇
𝑖=1 𝜌𝑖‖𝐵𝑖𝑧−𝑖 ‖

2 + 𝑐1
∑𝑇

𝑖=1 ‖𝑧
−
𝑖 ‖

2 + 𝑐2
∑𝑇

𝑖=1
∑𝑇

𝑖<𝑗 ‖𝐵𝑖𝑧−𝑖 − 𝐵𝑗𝑧−𝑗 ‖
2

∑𝑇
𝑖=1 ‖𝐴𝑖𝑧−𝑖 ‖2

+ 𝜆
2

𝑇
∑

𝑖=1
𝜌2𝑖

s.t. 𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1,

(24)

here 𝑐1, 𝑐2, 𝜌𝑖, 𝜆 are the coefficients, 𝑧+𝑖 and 𝑧−𝑖 are classifier vectors
or the 𝑖th view. 𝑇 is the number of views.

For introducing the mechanism of linear GMGSVMs, some points
re provided below.

(1) The above optimization problems enforce +1(−1) class hyper-
plane of each view to be close to the relevant +1(−1) class, and as far as
possible from the relevant −1(+1) class at the same time. The weighted
value 𝜌 balances the norm regularization terms of multiple views and
takes advantage of the complementarity information among them.

(2) The 𝑐2
∑𝑇

𝑖=1
∑𝑇

𝑖<𝑗 ‖𝐴𝑖𝑧+𝑖 −𝐴𝑗𝑧+𝑗 ‖
2 and 𝑐2

∑𝑇
𝑖=1

∑𝑇
𝑖<𝑗 ‖𝐵𝑖𝑧−𝑖 −𝐵𝑗𝑧−𝑗 ‖

2

ould be considered as minimizing the distance discrepancies of all
iews and are designed to maintain the consistency among distinct
iews. 𝜆

2
∑𝑇

𝑖=1 𝜌
2
𝑖 can enforce the sub-optimization problem of 𝜌𝑖 to be

the classical QPP. By setting 𝜌𝑖 to be a fixed value, the optimization
sub-problem is formulated as

min
𝑧+𝑖

∑𝑇
𝑖=1 𝜌𝑖‖𝐴𝑖𝑧+𝑖 ‖

2 + 𝑐1
∑𝑇

𝑖=1 ‖𝑧
+
𝑖 ‖

2 + 𝑐2
∑𝑇

𝑖=1
∑𝑇

𝑖<𝑗 ‖𝐴𝑖𝑧+𝑖 − 𝐴𝑗𝑧+𝑗 ‖
2

∑𝑇
𝑖=1 ‖𝐵𝑖𝑧+𝑖 ‖2

,

(25)

min
𝑧−𝑖

∑𝑇
𝑖=1 𝜌𝑖‖𝐵𝑖𝑧−𝑖 ‖

2 + 𝑐1
∑𝑇

𝑖=1 ‖𝑧
−
𝑖 ‖

2 + 𝑐2
∑𝑇

𝑖=1
∑𝑇

𝑖<𝑗 ‖𝐵𝑖𝑧−𝑖 − 𝐵𝑗𝑧−𝑗 ‖
2

∑𝑇
𝑖=1 ‖𝐴𝑖𝑧−𝑖 ‖2

.

(26)

Define

1 =
(

𝜌1𝐴⊤
1 𝐴1+𝑐1𝐼+𝑐2(𝑇−1)𝐴⊤

1 𝐴1 ⋯ −𝑐2𝐴⊤
1 𝐴𝑇

⋮ ⋱ ⋮
−𝑐2𝐴⊤

𝑇 𝐴1 ⋯ 𝜌𝑇 𝐴⊤
𝑇 𝐴𝑇 +𝑐1𝐼+𝑐2(𝑇−1)𝐴⊤

𝑇 𝐴𝑇

)

,

𝑁2 =
(

𝜌1𝐵⊤
1 𝐵1+𝑐1𝐼+𝑐2(𝑇−1)𝐵⊤

1 𝐵1 ⋯ −𝑐2𝐵⊤
1 𝐵𝑇

⋮ ⋱ ⋮
−𝑐2𝐵⊤

𝑇 𝐵1 ⋯ 𝜌𝑇 𝐵⊤
𝑇 𝐵𝑇 +𝑐1𝐼+𝑐2(𝑇−1)𝐵⊤

𝑇 𝐵𝑇

)

,

𝑀1 =

⎛

⎜

⎜

⎜

⎝

𝐵⊤
1 𝐵1 0 ⋯ 0
0 𝐵⊤

2 𝐵2 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 0 𝐵⊤

𝑇 𝐵𝑇

⎞

⎟

⎟

⎟

⎠

,𝑀2 =

⎛

⎜

⎜

⎜

⎝

𝐴⊤
1 𝐴1 0 ⋯ 0
0 𝐴⊤

2 𝐴2 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 0 𝐴⊤

𝑇 𝐴𝑇

⎞

⎟

⎟

⎟

⎠

,

𝑧+ =
⎛

⎜

⎜

⎝

𝑧+1
⋮
𝑧+𝑇

⎞

⎟

⎟

⎠

, 𝑧− =
⎛

⎜

⎜

⎝

𝑧−1
⋮
𝑧−𝑇

⎞

⎟

⎟

⎠

.

(27)

The above optimization problems are equivalent to

min
𝑧+≠0

𝑧+⊤𝑁1𝑧+

𝑧+⊤𝑀1𝑧+
, (28)

min
𝑧−≠0

𝑧−⊤𝑁2𝑧−

𝑧−⊤𝑀2𝑧−
. (29)

Their optimal solutions could be gained by resolving the following
eneralized eigenvalue problems

𝑧+ = 𝜆 𝑀 𝑧+, (30)
4

1 1 1
2𝑧
− = 𝜆2𝑀2𝑧

−. (31)

For an example 𝑥 = (𝑥1 … 𝑥𝑇 ), if ∑𝑇
𝑖=1 𝜌𝑖|[𝑥𝑖, 1]𝑧

+
𝑖 | ≤

∑𝑇
𝑖=1 𝜌𝑖

[𝑥𝑖, 1]𝑧−𝑖 |, it is given to class +1, otherwise class −1.

.2. Optimization of GMGSVMs

In the optimization of GMGSVMs, variables 𝜌, 𝑧+𝑖 and 𝑧−𝑖 are de-
anded to be optimized, and at present there is no straightforward
ethod to gain the global optimal solution. Thus an alternating algo-

ithm motivated by Luo and Tseng (1992) is built, which continuously
enews these variables and resolves each sub-optimization problem
ntil convergence.
The optimization of 𝑧+𝑖 , 𝑧

−
𝑖 . 𝜌 is predetermined as a random vector,

n general, 𝜌𝑖 =
1
𝑇 , 𝑖 = 1,… , 𝑇 . Then the optimal solution is gained by

resolving the generalized eigenvalue problems (30) and (31).
The optimization of 𝜌𝑖. Leveraging the gained 𝑧+𝑖 , 𝑧

−
𝑖 , the optimiza-

tion of 𝜌𝑖 could be written as a QQP.

min
𝜌

𝜌⊤𝑝 + 𝜌⊤𝑞 + 𝜆
2
‖𝜌‖2

s.t. 𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1,

(32)

where 𝑝 =
[‖𝐴1𝑧+1 ‖

2 ,…,‖𝐴𝑇 𝑧+𝑇 ‖
2]⊤

∑𝑇
𝑗=1 ‖𝐵𝑗𝑧+𝑗 ‖

2 , 𝑞 =
[‖𝐵1𝑧−1 ‖

2 ,…,‖𝐵𝑇 𝑧−𝑇 ‖
2]⊤

∑𝑇
𝑗=1 ‖𝐴𝑗𝑧−𝑗 ‖

2 , 𝜌 = [𝜌1,… , 𝜌𝑇 ]⊤.
The coordinate descent algorithm employed selects only a pair of
elements 𝜌𝑛 and 𝜌𝑚 to be renewed and the others are unchanged.
By integrating the Lagrange method and the constraint, the updating
criterion is as follows
{

𝜌∗𝑛 = 𝜆(𝜌𝑛+𝜌𝑚)+(𝑝𝑚−𝑝𝑛)+(𝑞𝑚−𝑞𝑛)
2𝜆 ,

𝜌∗𝑚 = 𝜌𝑛 + 𝜌𝑚 − 𝜌∗𝑛 .
(33)

The gained 𝜌∗𝑛 and 𝜌∗𝑚 probably cannot obey the non-negative con-
straint. Therefore, if 𝜆(𝜌𝑛 + 𝜌𝑚) + (𝑝𝑚 − 𝑝𝑛) + (𝑞𝑚 − 𝑞𝑛) < 0, make 𝜌∗𝑛 = 0,
and the same for 𝜌∗𝑚. The ceasing criterion for the algorithm is the
discrepancy of current 𝜌 and prevenient 𝜌. View Algorithm 1 for the
pseudo-code of linear GMGSVM. The sub-problems (30) and (31) of
the algorithm have the optimal analytical solutions. The sub-problem
(32) of the algorithm is convex. Thus, the algorithm is guaranteed to
converge the local optimum (Shen et al., 2018; Xu & Yin, 2017).

Algorithm 1 Linear GMGSVM
1: Input: Data 𝐴𝑖, 𝐵𝑖, 𝑖 = 1,… , 𝑇 , model parameters (𝑐1, 𝑐2, 𝜆).
2: Gain 𝑁1, 𝑁2, 𝑀1 and 𝑀2 based on the equation (27).
3: Predetermine 𝜌0𝑖 = 0, 𝜌𝑠𝑖 =

1
𝑇 , 𝑖 = 1,… , 𝑇 , 𝑠 = 1.

4: while E=‖𝜌𝑠 − 𝜌𝑠−1‖ > 𝛿 do
5: Based on the equations (30) and (31), resolve the generalized

eigenvalue problems and gain the values 𝑝 and 𝑞.
6: Based on the updating criterion in the equation (33), renew the

parameter 𝜌𝑖.
7: s=s+1.
8: End while
9: Gain the classifiers based on the equations (30) and (31),

respectively.
0: Output: For a test example 𝑥 = (𝑥1 ⋯ 𝑥𝑇 ), if ∑𝑇

𝑖=1 𝜌𝑖|[𝑥𝑖, 1]𝑧
+
𝑖 | ≤

∑𝑇
𝑖=1 𝜌𝑖|[𝑥𝑖, 1]𝑧

−
𝑖 |, it is given to class +1, otherwise class −1.

3.3. Non-linear GMGSVMs

In this section, we develop the non-linear case of GMGSVMs. The
kernel-produced hyperplanes can be written as:

⊤ ⊤ + + ⊤ ⊤ − − (34)
𝐾(𝑥𝑖 , 𝑆𝑖 )𝑤𝑖 + 𝑏𝑖 = 0, 𝐾(𝑥𝑖 , 𝑆𝑖 )𝑤𝑖 + 𝑏𝑖 = 0,
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where 𝐾 is the kernel function represented by 𝐾(𝑥𝑖, 𝑥𝑗 ) = ⟨𝜙(𝑥𝑖), 𝜙(𝑥𝑗 )⟩.
(⋅) is a nonlinear mapping from a low-dimensional feature space to
latent high-dimensional one. 𝑆𝑖 means training examples of the 𝑖th

iew, and 𝑆𝑖 = (𝐴′⊤
𝑖 , 𝐵′⊤

𝑖 )⊤ where 𝐴′
𝑖 and 𝐵′

𝑖 denote positive examples
nd negative examples of the 𝑖th view, respectively. Define

𝑖 = (𝐾(𝐴′
𝑖 , 𝑆

⊤
𝑖 ), 𝑒), 𝐵𝑖 = (𝐾(𝐵′

𝑖 , 𝑆
⊤
𝑖 ), 𝑒),

+
𝑖 =

(

𝑤+
𝑖

𝑏+𝑖

)

, 𝑧−𝑖 =
(

𝑤−
𝑖

𝑏−𝑖

)

.
(35)

The optimization problems for non-linear GMGSVMs are given as

min
𝜌𝑖 ,𝑧+𝑖

∑𝑇
𝑖=1 𝜌𝑖‖𝐴𝑖𝑧+𝑖 ‖

2 + 𝑐1
∑𝑇

𝑖=1 ‖𝑧
+
𝑖 ‖

2 + 𝑐2
∑𝑇

𝑖=1
∑𝑇

𝑖<𝑗 ‖𝐴𝑖𝑧+𝑖 − 𝐴𝑗𝑧+𝑗 ‖
2

∑𝑇
𝑖=1 ‖𝐵𝑖𝑧+𝑖 ‖2

+ 𝜆
2

𝑇
∑

𝑖=1
𝜌2𝑖

s.t. 𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1,

(36)

min
𝜌𝑖 ,𝑧−𝑖

∑𝑇
𝑖=1 𝜌𝑖‖𝐵𝑖𝑧−𝑖 ‖

2 + 𝑐1
∑𝑇

𝑖=1 ‖𝑧
−
𝑖 ‖

2 + 𝑐2
∑𝑇

𝑖=1
∑𝑇

𝑖<𝑗 ‖𝐵𝑖𝑧−𝑖 − 𝐵𝑗𝑧−𝑗 ‖
2

∑𝑇
𝑖=1 ‖𝐴𝑖𝑧−𝑖 ‖2

+ 𝜆
2

𝑇
∑

𝑖=1
𝜌2𝑖

s.t. 𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1,

(37)

here 𝑐1, 𝑐2, 𝜌𝑖, 𝜆 are non-negative regularization parameters, 𝑇 is the
umber of views.

The global optimization process is as identical as the linear
MGSVMs. For an example 𝑥 = (𝑥1 … 𝑥𝑇 ), if ∑𝑇

𝑖=1 𝜌𝑖|[𝐾(𝑥𝑖, 𝑆⊤
𝑖 ), 1]𝑧

+
𝑖 |

≤
∑𝑇

𝑖=1 𝜌𝑖|[𝐾(𝑥𝑖, 𝑆⊤
𝑖 ), 1]𝑧

−
𝑖 |, it is given to class +1, otherwise class −1.

3.4. GMIGSVMs

The optimization problems for GMIGSVMs can be written as

min
𝜌𝑖 ,𝑧+

𝑇
∑

𝑖=1
𝜌𝑖
‖𝐴𝑖𝑧+𝑖 ‖

2

𝛼
+ 𝑐1

𝑇
∑

𝑖=1

𝑇
∑

𝑖<𝑗

1
𝛼
‖𝐴𝑖𝑧

+
𝑖 − 𝐴𝑗𝑧

+
𝑗 ‖

2

+ 𝜆
2𝛼

𝑇
∑

𝑖=1
𝜌2𝑖 −

𝑇
∑

𝑖=1

𝑐2‖𝐵𝑖𝑧+𝑖 ‖
2

𝛼

s.t.
𝑇
∑

𝑖=1
‖𝑧+𝑖 ‖

2 = 𝛼,

𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1,

(38)

min
𝜌𝑖 ,𝑧−

𝑇
∑

𝑖=1
𝜌𝑖
‖𝐵𝑖𝑧−𝑖 ‖

2

𝛼
+ 𝑐1

𝑇
∑

𝑖=1

𝑇
∑

𝑖<𝑗

1
𝛼
‖𝐵𝑖𝑧

−
𝑖 − 𝐵𝑗𝑧

−
𝑗 ‖

2

+ 𝜆
2𝛼

𝑇
∑

𝑖=1
𝜌2𝑖 −

𝑇
∑

𝑖=1

𝑐2‖𝐴𝑖𝑧−𝑖 ‖
2

𝛼

s.t.
𝑇
∑

𝑖=1
‖𝑧−𝑖 ‖

2 = 𝛼,

𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1,

(39)

here 𝑐1, 𝑐2, 𝛼, 𝜌𝑖, 𝜆 are non-negative regularization parameters, 𝑧+𝑖 and
−

5

𝑖 are classifier vectors for the 𝑖th view. 𝑇 is the number of views. (
Through simple transforms, the above optimizations can be stated
s

min
𝜌𝑖 ,𝑧+

𝑧+⊤

𝛼

⎡

⎢

⎢

⎣

𝜌1𝐴⊤
1𝐴1 0 0
0 ⋯ 0
0 0 𝜌𝑇𝐴⊤

𝑇𝐴𝑇

⎤

⎥

⎥

⎦

𝑧+ +
𝑐1
𝛼
𝑧+⊤

⎡

⎢

⎢

⎣

(𝑇 − 1)𝐴⊤
1𝐴1 ⋯ −𝐴⊤

1𝐴𝑇
⋮ ⋱ ⋮

−𝐴⊤
𝑇𝐴1 ⋯ (𝑇 − 1)𝐴⊤

𝑇𝐴𝑇

⎤

⎥

⎥

⎦

𝑧+

+ 𝜆
2𝛼

𝑇
∑

𝑖=1
𝜌2𝑖 − 𝑐2

𝑧+⊤

𝛼

⎡

⎢

⎢

⎣

𝐵⊤
1 𝐵1 0 0
0 ⋯ 0
0 0 𝐵⊤

𝑇𝐵𝑇

⎤

⎥

⎥

⎦

𝑧+

s.t. ‖𝑧+‖2 = 𝛼,

𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1,

(40)

min
𝜌𝑖 ,𝑧−

𝑇
∑

𝑖=1

𝑧−⊤

𝛼

⎡

⎢

⎢

⎣

𝜌1𝐵⊤
1 𝐵1 0 0
0 ⋯ 0
0 0 𝜌𝑇𝐵⊤

𝑇𝐵𝑇

⎤

⎥

⎥

⎦

𝑧− +
𝑇
∑

𝑖=1

𝑐1
𝛼

𝑧−⊤
⎡

⎢

⎢

⎣

(𝑇 − 1)𝐵⊤
1 𝐵1 ⋯ −𝐵⊤

1 𝐵𝑇
⋮ ⋱ ⋮

−𝐵⊤
𝑇𝐵1 ⋯ (𝑇 − 1)𝐵⊤

𝑇𝐵𝑇

⎤

⎥

⎥

⎦

𝑧−

+ 𝜆
2𝛼

𝑇
∑

𝑖=1
𝜌2𝑖 −

𝑇
∑

𝑖=1

𝑐2
𝛼
𝑧−⊤

⎡

⎢

⎢

⎣

𝐴⊤
1𝐴1 0 0
0 ⋯ 0
0 0 𝐴⊤

𝑇𝐴𝑇

⎤

⎥

⎥

⎦

𝑧−

s.t. ‖𝑧−‖2 = 𝛼,

𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1.

(41)

Define

1 =
(

𝜌1𝐴⊤
1 𝐴1+𝑐1(𝑇−1)𝐴⊤

1 𝐴1−𝑐2𝐵⊤
1 𝐵1 ⋯ −𝑐1𝐴⊤

1 𝐴𝑇
⋮ ⋱ ⋮

−𝑐1𝐴⊤
𝑇 𝐴1 ⋯ 𝜌𝑇 𝐴⊤

𝑇 𝐴𝑇 +𝑐1(𝑇−1)𝐴⊤
𝑇 𝐴𝑇 −𝑐2𝐵⊤

𝑇 𝐵𝑇

)

,

𝑀2 =
(

𝜌1𝐵⊤
1 𝐵1+𝑐1(𝑇−1)𝐵⊤

1 𝐵1−𝑐2𝐴⊤
1 𝐴1 ⋯ −𝑐1𝐵⊤

1 𝐵𝑇
⋮ ⋱ ⋮

−𝑐1𝐵⊤
𝑇 𝐵1 ⋯ 𝜌𝑇 𝐵⊤

𝑇 𝐵𝑇 +𝑐1(𝑇−1)𝐵⊤
𝑇 𝐵𝑇 −𝑐2𝐴⊤

𝑇 𝐴𝑇

)

,

𝑧+ =
⎛

⎜

⎜

⎝

𝑧+1
⋮
𝑧+𝑇

⎞

⎟

⎟

⎠

, 𝑧− =
⎛

⎜

⎜

⎝

𝑧−1
⋮
𝑧−𝑇

⎞

⎟

⎟

⎠

, 𝜌 =
⎛

⎜

⎜

⎝

𝜌1
⋮
𝜌𝑇

⎞

⎟

⎟

⎠

.

(42)

The optimization problems of GMIGSVMs can be simplified to the
following forms

min
𝜌,𝑧+

𝑧+⊤𝑀1𝑧
+ +

𝜆‖𝜌‖2

2
+ 𝑐3‖𝑧

+
‖

2

s.t. ‖𝑧+‖2 = 𝛼, 𝛼 > 0,

𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1,

(43)

min
𝜌,𝑧−

𝑧−⊤𝑀2𝑧
− +

𝜆‖𝜌‖2

2
+ 𝑐3‖𝑧

−
‖

2

s.t. ‖𝑧−‖2 = 𝛼, 𝛼 > 0,

𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1,

(44)

here norm regularization terms are designed to minimize the norm
f the hyperplane variable 𝑧+ and 𝑧−. When 𝜌 is fixed, the optimal
olutions of the optimization problems (43) and (44) can be gained by
esolving the following eigenvalue problems

𝑀 + 𝑐 𝐼)𝑧+ = 𝜆 𝑧+, (45)
1 3 1
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c
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f
a
a

(𝑀2 + 𝑐3𝐼)𝑧− = 𝜆2𝑧
−. (46)

For a test example 𝑥 = (𝑥𝑖 … 𝑥𝑇 ), if ∑𝑇
𝑖=1 𝜌𝑖|[𝑥𝑖, 1]𝑧

+
𝑖 | ≤

𝑇
𝑖=1 𝜌𝑖|[𝑥𝑖, 1]𝑧

−
𝑖 |, it is given to class +1, otherwise class −1.

.5. Optimization of GMIGSVM

Similarly with the optimization of GMGSVMs, the optimization of
MIGSVMs tends to be as follows.
The optimization of 𝑧+, 𝑧−. 𝜌 is predetermined as a random vector,

n general, 𝜌𝑖 =
1
𝑇 , 𝑖 = 1,… , 𝑇 . Then the optimal solution is gained by

resolving the eigenvalue problems (45) and (46).
The optimization of 𝜌𝑖. Leveraging the gained 𝑧+, 𝑧−, the optimiza-

ion of 𝜌 can be written as a QQP.

min
𝜌

𝜌⊤𝑝 + 𝜌⊤𝑞 + 𝜆
2
‖𝜌‖2

s.t. 𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1,

(47)

here 𝑝 = [‖𝐴1𝑧+1 ‖
2
2,… , ‖𝐴𝑇 𝑧+𝑇 ‖

2
2]

⊤, 𝑞 = [‖𝐵1𝑧−1 ‖
2
2,… , ‖𝐵𝑇 𝑧−𝑇 ‖

2
2]

⊤. We
lso use the coordinate descent algorithm and the updating criterion is

𝜌∗𝑛 = 𝜆(𝜌𝑛+𝜌𝑚)+(𝑝𝑚−𝑝𝑛)+(𝑞𝑚−𝑞𝑛)
2𝜆 ,

𝜌∗𝑚 = 𝜌𝑛 + 𝜌𝑚 − 𝜌∗𝑛 .
(48)

The gained 𝜌∗𝑛 and 𝜌∗𝑚 probably cannot obey the non-negative con-
straint. Therefore, if 𝜆(𝜌𝑛 + 𝜌𝑚) + (𝑝𝑚 − 𝑝𝑛) + (𝑞𝑚 − 𝑞𝑛) < 0, make 𝜌∗𝑛 = 0,
and the same for 𝜌∗𝑚. The ceasing criterion for the algorithm is the
discrepancy of current 𝜌 and prevenient 𝜌. View Algorithm 2 for the
pseudo-code of linear GMIGSVMs. The sub-problems (45) and (46) of
the algorithm have the optimal analytical solutions. The sub-problem
(47) of the algorithm is convex. Thus, the algorithm is guaranteed to
converge the local optimum (Shen et al., 2018; Xu & Yin, 2017).

Algorithm 2 Linear GMIGSVMs
1: Input: Data 𝐴𝑖, 𝐵𝑖, 𝑖 = 1,… , 𝑇 , model parameters (𝑐1, 𝑐2, 𝜆).
2: Gain 𝑀1 and 𝑀2 based on the equation (42).
3: Predetermine 𝜌0𝑖 = 0, 𝜌𝑠𝑖 =

1
𝑇 , 𝑖 = 1,… , 𝑇 , 𝑠 = 1.

4: while E=‖𝜌𝑠 − 𝜌𝑠−1‖ > 𝛿 do
5: Based on the equations (45) and (46), resolve the eigenvalue

problems and gain the values 𝑝 and 𝑞.
6: Based on the updating rules in the equation (48), renew the

parameter 𝜌𝑖.
7: s=s+1.
8: End while
9: Gain the classifiers based on the equations (45) and (46),

respectively.
0: Output: For a test example 𝑥 = (𝑥1 ⋯ 𝑥𝑇 ), if ∑𝑇

𝑖=1 𝜌𝑖|[𝑥𝑖, 1]𝑧
+
𝑖 | ≤

∑𝑇
𝑖=1 𝜌𝑖|[𝑥𝑖, 1]𝑧

−
𝑖 |, it is given to class +1, otherwise class −1.

3.6. Non-linear GMIGSVMs

In this section, we develop the non-linear case of GMIGSVMs. Define

𝐴𝑖 = (𝐾(𝐴′
𝑖 , 𝑆

⊤
𝑖 ), 𝑒), 𝐵𝑖 = (𝐾(𝐵′

𝑖 , 𝑆
⊤
𝑖 ), 𝑒),

𝑧+𝑖 =
(

𝑤+
𝑖
+

)

, 𝑧−𝑖 =
(

𝑤−
𝑖
−

)

.
(49)
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𝑏𝑖 𝑏𝑖
Table 1
Real-world datasets.

Name Attributes Numbers Classes

Corel 89 68,040 99
Handwritten digit dataset 649 2000 10
Movies dataset 3276 617 17
Caltech-101 3766 9146 101

The optimization problems for non-linear GMIGSVMs can be written as

min
𝜌𝑖 ,𝑧+𝑖

𝑇
∑

𝑖=1

‖𝐴𝑖𝑧+𝑖 ‖
2

𝛼
+ 𝑐1

𝑇
∑

𝑖=1

𝑇
∑

𝑖<𝑗

1
𝛼
‖𝐴𝑖𝑧

+
𝑖 − 𝐴𝑗𝑧

+
𝑗 ‖

2

+ 𝜆
2𝛼

𝑇
∑

𝑖=1
𝜌2𝑖 −

𝑇
∑

𝑖=1

𝑐2‖𝐵𝑖𝑧+𝑖 ‖
2

𝛼

s.t.
𝑇
∑

𝑖=1
‖𝑧+𝑖 ‖

2 = 𝛼,

𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1,

(50)

min
𝜌𝑖 ,𝑧−𝑖

𝑇
∑

𝑖=1

‖𝐵𝑖𝑧−𝑖 ‖
2

𝛼
+ 𝑐1

𝑇
∑

𝑖=1

𝑇
∑

𝑖<𝑗

1
𝛼
‖𝐵𝑖𝑧

−
𝑖 − 𝐵𝑗𝑧

−
𝑗 ‖

2

+ 𝜆
2𝛼

𝑇
∑

𝑖=1
𝜌2𝑖 −

𝑇
∑

𝑖=1

𝑐2‖𝐴𝑖𝑧−𝑖 ‖
2

𝛼

s.t.
𝑇
∑

𝑖=1
‖𝑧−𝑖 ‖

2 = 𝛼,

𝜌𝑖 ≥ 0,
𝑇
∑

𝑖=1
𝜌𝑖 = 1,

(51)

where 𝑐1, 𝑐2, 𝛼, 𝜌𝑖, 𝜆 are non-negative regularization parameters, 𝑧+𝑖 and
−
𝑖 are classifier vectors for the 𝑖th view. 𝑇 is the number of views.

The global optimization process is as identical as the linear
MIGSVMs. For a test example 𝑥 = (𝑥1 … 𝑥𝑇 ), if ∑𝑇

𝑖=1 𝜌𝑖|[𝐾(𝑥𝑖, 𝑆⊤
𝑖 ), 1]

+
𝑖 | ≤

∑𝑇
𝑖=1 𝜌𝑖|[𝐾(𝑥𝑖, 𝑆⊤

𝑖 ), 1]𝑧
−
𝑖 |, it is given to class +1, otherwise class

1.
In short, GMGSVM solves two generalized eigenvalue problems and

wns time complexity 𝑂(𝑠(
∑𝑇

𝑖=1 𝑑𝑖+𝑇 )3) (linear case) and 𝑂(𝑠(𝑛+1)3𝑇 3)
non-linear case). GMIGSVM solves standard eigenvalue decomposition
roblems and owns time complexity 𝑂(𝑠(

∑𝑇
𝑖=1 𝑑𝑖+𝑇 )2) (linear case) and

(𝑠(𝑛 + 1)2𝑇 2) (non-linear case).

. Experiments

In this section, we validate the performance of our proposed
MGSVM and GMIGSVM on one synthetic dataset and four real-world
atasets. The four real-world datasets are corel, handwritten digit
ataset from UCI machine learning repository, movies dataset1 and
altech-101.2Detail information about them is listed in Table 1.

.1. Experimental setup

The best parameters are determined by the ten-fold cross validation
or all the methods in the set [2−3, 2−2,… , 23], and the classification
verage and the standard deviation are gained by executing these
lgorithms for five times. We first set 𝜌𝑖 =

1
3 . The algorithm ceases the

iteration when the discrepancy of the objective function is less than
𝛿 = 10−3. Two-view classification methods MGSVM and MIGSVM are
used for comparison.

1 http://membres-lig.imag.fr/grimal/data.html.
2 http://www.vision.caltech.edu/Image_Datasets/Caltech101.
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Fig. 1. Synthetic data.
Fig. 2. The influence of the weight 𝜌 for the performance.

4.2. Synthetic data

The synthetic dataset is generated by twin moons, twin sine curves
and twin parallel lines in Fig. 1. The data on a moon are connected
randomly to data on a line and a sine. It includes 300 examples (half
of them are positive examples and half of them are negative examples).
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Table 2
Performance (%) on synthetic data.

Method GMGSVM MGSVM1 MGSVM2 MGSVM3

Accuracy 99.91(0.20) 74.64(13.27) 97.36(0.75) 88.45(3.21)
Running time 0.0566 0.0303 0.0284 0.0285

Method GMIGSVM MIGSVM1 MIGSVM2 MIGSVM3

Accuracy 99.82(0.25) 94.64(2.41) 98.55(0.81) 96.27(2.75)
Running time (s) 0.0083 0.0124 0.0144 0.0124

80 examples are used for the training and the remaining are used
for the test. Table 2 shows the experimental results with the linear
kernel. The best performance of all methods is labeled by the bold. We
can observe that GMGSVM and GMIGSVM own higher accuracies than
the relevant two-view classification methods, which indicates the fact
that our proposed methods can take advantage of the consistency and
complementarity criterions of multiple views. To study the influence
of the weight 𝜌 for the performance, Fig. 2 plots the iterative number
and the corresponding accuracy. The initial weight 𝜌 can make all
views share the same weight. Other weights 𝜌 may generate the better
performance than the one of the initial 𝜌. Thus the learning of the
weight 𝜌 is needed.

4.3. Movies dataset

This dataset describes the identical movies with two aspects. It is
widely used for co-clustering cases whose purpose is to find the type of
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Table 3
Performance (%) on movies dataset.

Method GMGSVM MGSVM1 MGSVM2 MGSVM3

Accuracy 62.07(6.45) 60.69(9.32) 57.93(5.67) 60.69(9.63)
Running time (s) 0.009 0.004 0.0045 0.0033

Method GMIGSVM MIGSVM1 MIGSVM2 MIGSVM3

Accuracy 62.07(5.45) 60.69(7.55) 60.00(4.63) 57.93(9.25)
Running time 0.0061 0.0020 0.0044 0.0036

Table 4
Performance (%) on corel dataset.

Method GMGSVM MGSVM1 MGSVM2 MGSVM3

Accuracy 70.99(2.51) 67.18(8.72) 65.21(9.30) 62.96(12.14)
Running time (s) 0.1096 0.0290 0.0304 0.0361

Method GMIGSVM MIGSVM1 MIGSVM2 MIGSVM3

Accuracy 71.27(1.68) 70.85(2.20) 65.92(6.64) 69.86(4.91)
Running time (s) 0.0335 0.0117 0.0119 0.0155

the movies by mining the information from the two views (keywords
and actors).

Two classes are selected for multi-view classification. The numbers
of properties of the three views are 1398, 1878 and 1000 (decreasing
from 1878 to 1000 with PCA). From the experimental results with the
linear kernel in Table 3, we can observe that our methods GMGSVM
and GMIGSVM perform the same and better than the relevant two-view
classification methods.

4.4. Corel

This image dataset extracts the features from a corel image gather-
ing. Four feature sets and the relevant dimensionality are as follows,
color histogram (thirty-two), color histogram layout (thirty-two), color
moments (nine) and co-occurrence texture (sixteen).

222 and 80 examples are chosen for the training and test, re-
spectively. We choose three views of them for the experiment. From
the experimental results with the polynomial kernel of degree two
listed in Table 4, we can observe that the performances of our meth-
ods GMGSVM and GMIGSVM are better than the relevant two-view
classification methods.

4.5. Handwritten digit dataset

This dataset is involved with the features of handwritten digits
(zero-nine) constructed from a gathering of Dutch utility maps. It has
2000 images with binary forms (200 images for each digit) totally. Six
feature sets can be considered as six views which are FOU, FAC, KAR,
PIX, ZER and MOR.

Among them, FOU, FAC and KAR are chosen for experiments ran-
domly. For each digit, we randomly choose 40 examples for training,
and the remaining for test. We choose four digit pairs (1,7), (2,6), (4,8)
and (0,9) for the experimental validation. From the experimental re-
sults the linear kernel in Table 5, we can observe that the performances
8

of our methods GMGSVM and GMIGSVM are better than the other
MVL methods, and GMIGSVM performs best. To sum up, we can con-
clude that our methods can mine the consistency and complementarity
information of multiple views in contrast with the relevant two-view
classification methods in the pairwise pattern.

4.6. Caltech-101

The dataset consists of 9146 images totally which owns 101 classes,
and an additional background/clutter class. Each class consists of
40∼800 images on average. Among them, we randomly select two
classes for generalized multi-view classification. We adopt 80 examples
as the training set and 790 examples for test. The experimental results
with the polynomial kernel of degree two are listed in Table 6.

In short, our methods GMGSVM and GMIGSVM own higher accura-
cies than the relevant two-view classification methods, which indicates
the fact that they can fully take advantage of the weighted value to
obey the complementarity criterion, integrate multi-view regulariza-
tion terms to obey the consistency criterion and fully take advantage
of information among multiple views for higher classification perfor-
mance, while MGSVM and MIGSVM only obey the consistency criterion
between two views and can deal with two-view classification case.

5. Conclusion and future work

In this paper, we propose two generalized multi-view extensions
of generalized eigenvalues proximal support vector machines which
can handle generalized MVL cases. The weighted value exploits the
complementarity information among different views. We also present
an efficient alternating algorithm for the optimization of the classifier
parameters and weighted value. Experimental results on real-world
datasets show that GMGSVM and GMIGSVM are superior to other
multi-view classification algorithms in classification performance. Fu-
ture works contain the extensions of GMGSVM and GMIGSVM to the
semi-supervised learning.
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Table 5
Performance (%/s) on handwritten digit dataset.

Method Two classes

(1,7) (2,6) (4,8) (0,9)

GMGSVM(fou kar fac) 98.19(0.26)/0.1137 99.31(0.26)/0.0951 98.87(0.17)/0.1031 99.56(0.36)/0.1159
GMIGSVM(fou kar fac) 98.63(0.93)/0.0266 99.44(0.26)/0.0240 98.94(0.47)/0.0231 99.94(0.14)/0.0279
MGSVM1(fou kar) 98.00(0.52)/0.0309 95.25(0.81)/0.0317 97.75(1.28)/0.0385 97.50(0.31)/0.0405
MGSVM2(fou fac) 95.12(1.10)/0.0340 98.00(1.14)/0.0329 92.62(9.09)/0.0442 99.50(0.17)/0.0441
MGSVM3(kar fac) 97.06(0.57)/0.0340 98.12(0.80)/0.0528 95.81(3.66)/0.0504 99.44(0.26)/0.0317
MIGSVM1(fou kar) 97.63(0.90)/0.0125 96.56(2.01)/0.0118 97.75(0.41)/0.0129 98.31(1.30)/0.0113
MIGSVM2(fou fac) 96.31(1.30)/0.0134 99.06(0.54)/0.0118 97.19(1.38)/0.0116 99.06(1.23)/0.0120
MIGSVM3(kar fac) 97.38(0.87)/0.0109 98.75(0.96)/0.0123 98.12(0.44)/0.0130 99.31(0.41)/0.0121
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Table 6
Performance (%) on Caltech-101.

Method GMGSVM MGSVM1 MGSVM2 MGSVM3

Accuracy 54.00(0.63) 52.96(1.45) 52.00(0.84) 53.49(1.74)
Running time (s) 0.1015 0.0297 0.0331 0.0341

Method GMIGSVM MIGSVM1 MIGSVM2 MIGSVM3

Accuracy 54.68(2.26) 53.95(0.86) 51.82(0.64) 53.77(2.32)
Running time (s) 0.0277 0.0072 0.0108 0.0113
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