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In recent years, multi-view semi-supervised learning has gradually become a popular research direction.
The classic binary classification methods in this field are multi-view Laplacian support vector machines
(MvLapSVM) and multi-view Laplacian twin support vector machines (MvLapTSVM), which extend semi-
supervised support vector machine to multi-view learning. Nevertheless, similar to the majority of SVM-based
multi-view methods, the above methods are two-view methods that cannot fully leverage the information
from all views and are constructed based on the L, norm. Additionally, in semi-supervised graph learning, the
quality of the graph often has a significant impact on the results. Therefore, we propose a novel multi-view
hypergraph regularized Lp norm least squares twin support vector machines (MvHGLpLSTSVM) that can handle
general multi-view data for semi-supervised learning. It extends hypergraph learning to multi-view learning
and combines Lp norm to further explore the manifold structure and embedded geometric information of
multi-view data. By using equality constraints, we design a simple and effective iterative algorithm. In the
classification of six multi-view datasets, we compare the proposed method with some other state-of-the-art
methods, and the results show that the proposed method is effective.

1. Introduction

Support vector machine (SVM) [1] is a machine learning method
based on structural risk minimization in statistical theory. It has many
advantages, such as global optimization, the sparsity of the solution,
which give it good generalization performance. The sparsity of the
solution is achieved by the principle of maximal margin, meaning that
only the data points near the class boundary become support vectors,
while data points far away from the boundary have less impact on the
model. However, standard SVM is only suitable for supervised learning
and cannot handle unlabeled data. In the real world, most of data
are unlabeled. Investing a lot of effort in labeling data is a waste of
resources and is not feasible. Insufficient labeled data can seriously
degrade the performance of standard SVM. Therefore, semi-supervised
learning (SSL), combining labeled and unlabeled data has emerged.

The basic idea of SSL is to use a large amount of unlabeled data
to help improve the effectiveness of supervised learning methods [2].
Currently, various types of semi-supervised support vector machines are
based on two common assumptions : the clustering assumption and the
manifold assumption [3]. The clustering assumption reflects the global
feature of the models, suggesting that samples of the same class are

more likely to have the same labels. Based on this assumption, Bennett
et al. [4] proposed semi-supervised support vector machines (S3VM),
while Joachims et al. [5] introduced transductive support vector ma-
chines. The manifold assumption, illustrated in Fig. 1, captures the local
feature of models, assuming that adjacent samples along the manifold
plane share similar properties or labels. Based on this assumptions,
numerous SVM-based semi-supervised classifiers have been proposed,
including Laplacian support vector machines (LapSVM) [6], Laplacian
twin support vector machines (LapTSVM) [7], and Laplacian p-norm
proximal support vector machines (Lap-PPSVM) [8]. Since the introduc-
tion of S3VM, continuous efforts have been made to develop new SSL
methods to enhance SVM. Research indicates that the computational
complexity of S3VM sharply increases with the growth of unlabeled
data. In response to this challenge, Glenn et al. [9] introduced concave
semi-supervised support vector machines (VS3VM) in 2001. Unlike
SVM, S3VM is a non-convex optimization problem [10]. Scholars have
proposed various optimization solutions to address the non-convex
optimization problems arising with the increase in new data. These so-
lutions include semi-definite programming [11], gradient descent [12],
DC programming and DCA programming [13]. In 2014, Li et al. [14]
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(a) Diagram of manifold distribution
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(b) Manifold regularization

Fig. 1. Manifold assumption posits that when two samples are proximate in the manifold (as depicted in (a)), their labels should exhibit similarity or identity, as illustrated in
(b). Manifold regularization endeavors to acquire smooth functions over the unrolled manifold (b), enabling the utilization of unlabeled samples in semi-supervised learning.

proposed safe semi-supervised support vector machine (S4VM) to re-
duce the risk of identifying poor separators using unlabeled data by
attempting to utilize multiple candidate low density separators. Subse-
quently, Zhang et al. [15] integrated S4VM into an ensemble learning
framework, proposing the EnsembleS3VM method, which found ap-
plication in the classification of polarimetric synthetic aperture radar
images. On the basis of LapTSVM, Chen et al. [16] proposed Laplacian
least squares twin support vector machine (LapLSTSVM), which accel-
erates the solution speed by solving two linear equations. Following
this, Xie et al. [17] proposed Laplacian Lp norm least squares twin
support vector machine (Lap-LpLSTSVM) by integrating Lp norm with
LapLSTSVM and leveraging the embedded geometric information in
the data. In addition, regarding the study of graphs, Sun et al. [18]
proposed the hypergraph regularized semi-supervised support vector
machine (HGSVM), leveraging hypergraphs to accurately capture the
complex multivariate structures of data.

Multi-view learning (MVL) [19], as a popular research topic nowa-
days, improves generalization performance by combining multiple fea-
ture sets [20]. The proposal of MVL is due to the widespread presence
of multi-view data in the real world. For instance, web page data
can be characterized by employing both the textual content and the
information embedded in hyperlinks. Facial expression information can
be described by using thermal imaging or images. Multi-view learning
algorithms follow two principles: consensus and complementarity [21].
Consensus refers to the consistency of classification or representation
learned from different views, meaning that each view contains shared
information for all views. Complementarity, on the other hand, under-
scores that each view contains its unique information, that is, specific
information within the view. Fully utilizing the potential connections
among different views can often improve generalization ability [22].
There are two strategies for processing multi-view data. The first is the
connection strategy, which connects all views to create a single-view
with comprehensive information. Representative algorithms include
co-training [23], co-testing [24] and co-clustering [25]. The second
strategy is a separation strategy, which constructs a learning function
on each view and utilizes the consensus alignment features of each
view. Representative algorithms include canonical correlation analysis
(CCA) [26] and SVM-2K [27].

SVM-2K combines margin maximization problem with co-
regularization term to fully utilize multi-view data information and
improve the performance of SVM. Subsequently, various multi-view
classification methods based on support vector machine have been
continuously proposed, including multi-view Laplacian support vec-
tor machines (MvLapSVM) [28], multi-view twin support vector ma-
chine (MvTSVM) [29] and multi-view Laplacian twin support vec-
tor machines (MvLapTSVM) [30]. Tang proposed multi-view learn-
ing based on nonparallel support vector machine (MvNPSVM) [31]
and multi-view privileged support vector machine (MvPSVM) [32],

while Sun [33] proposed multi-view learning with generalized eigen-
value proximal support vector machines (MvGSVM). Building upon
this, Xu et al. [34] proposed multi-view learning with the privi-
leged weighted twin support vector machine (MPWTSVM), construct-
ing a multi-view model capable of extracting intra-class information
using the K-Nearest Neighbor algorithm and the consensus princi-
ple. Xie et al. [35] searched for two sparse subsets of two views
through manifold-preserving graph reduction (MPGR). They inter-
sected these two sparse subsets to form a new sparse subset, and
proposed MvLapLSTSVM with MPGR. In the same year, they also
proposed general multi-view semi-supervised least squares support vec-
tor machines with multi-manifold regularization (GMvLapSVM) [36],
which combines the principle of consensus and complementarity. Ye
et al. [37] proposed multi-view learning with robust double-sided twin
SVM (MvRDTSVM) to improve its robustness by introducing bidirec-
tional constraints and L, norm distance metrics. They also proposed its
fast version, MVFRDTSVM, to accelerate the solution speed. Recently,
Xie and Li proposed the deep multi-view multiclass twin support
vector machine (DMvTSVM) [38], which integrates deep learning
with multi-view learning and twin support vector machines. Multiclass
classification are achieved through ove-vs-rest (OVR) strategy, which
construct K independent classifiers for K classes. Each classifier treats
one class as the positive class and all other classes as negative one.

Similar to standard support vector machine, most of the above
methods are constructed based on the L, norm. However, L, norm is
sensitive to outliers and exaggerates the influence of data points with
large norm. In the study of LSSVM [39], scholars have pointed out
that LSSVM using L, norm may ignore boundary points. Additionally,
when the sample size is much smaller than the number of features,
it can easily lead to be ill-condition or singularity and not suitable
for small sample size (SSS) problems. Compared with the L, norm,
L, norm and L; norm tend to yield sparser solutions. Therefore, the
L, norm is often used as a replacement for the L, norm to achieve
robustness [40], such as L,-NPSVM [41], L,-GEPSVM [42]. On the
other hand, most graph regularization algorithms, such as LapSVM
and LapTSVM, introduce manifold regularization terms to utilize unla-
beled data for semi-supervised learning. However, graph construction
based on manifold regularization terms often overlooks high-order
relationships between data and cannot accurately express the complex
relationships between data.

In this paper, inspired by the above mentioned methods, to enhance
the model’s robustness with different datasets. We achieve this by
decomposing the hypergraph through eigenvalue decomposition. This
allows it to be combined with the Lp norm, with the adjustability
of the p value, and leverages the excellent ability of hypergraph to
express complex structural relationships of multivariate data, thereby
improving the generalization ability of the model. Based on these,
we propose a novel multi-view hypergraph regularized Lp norm least
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Fig. 2. The framework of MVHGLPLSTSVM. Colored circles represent labeled samples, while white circles represent unlabeled samples. Each view has the same number of labeled
and unlabeled samples. By inputting multi-view data into the training set of the model. For the ith view, use hypergraph Laplacian combined with manifold regularization to
more accurately represent the complex structure between data, and obtain the classification results of the ith view. Obtain the final result of multi-view classification through

consistency constraints.

squares twin support vector machines (MVHGLpLSTSVM). We choose
LSTSVM as the basic method for extension for the following rea-
sons. Firstly, unlike standard SVM which requires solving a single
large Quadratic Programming Problem (QPP), Twin SVM (TSVM) ob-
tains two non-parallel hyperplanes by solving two QPPs of smaller
size. Theoretical analysis indicates that the solving speed of TSVM
is approximately four times faster than SVM. Secondly, compared to
TSVM, LSTSVM modifies the original inequality constraints to equal-
ity constraints, and its solution is obtained by directly solving two
systems of linear equations, thus avoiding the need to solve QPPs.
This enables it to accurately solve without any external optimizer,
achieving similar accuracy to TSVM but with faster training time.
Its structure is depicted in Fig. 2. Unlike previous methods limited
to handling two-view data, we construct a general multi-view learn-
ing framework with consistency constraints. This enables our method
to address general multi-view semi-supervised classification problems.
Compared with other multi-view semi-supervised learning methods,
our contributions are as follows:

+ Embed hypergraph learning into semi-supervised SVM by uti-
lizing the hypergraph Laplacian matrix to construct manifold
regularization terms, exploring the multivariate and complex re-
lationships between data. The hypergraph is decomposed by the
technique of eigenvalue decomposition, allowing its combination
with the Lp norm to form a unified formula and achieving the
optimal performance by selecting the appropriate p value.
Construct a general multi-view learning framework. Extend the
semi-supervised SVM that combines hypergraph regularization
and Lp norm to MVL. The consistency information of multi-view
data is used to construct a multi-view consensus matrix, which
can handle general multi-view semi-supervised problems.

An effective iterative algorithm is designed to solve complex opti-
mization problems, and the solution process is simple and unified.
The hyperparameters are obtained through cross-validation, and
compared with other advanced methods on multiple multi-view
datasets, the effectiveness of the proposed method is verified.

The remainder of this paper is structured as follows: Section 2
provides a brief introduction to the hypergraph, SVM-2K, and Lap-
LpLSTSVM. In Section 3, we elaborate on the specifics of our proposed
method, MVHGLpLSTSVV, in both linear and nonlinear cases. In Sec-
tion 4 we compare our method with previous methods. Section 5
presents the experimental results, and the paper concludes in Section 6.

2. Related work
2.1. Hypergrah

Since Zhou et al. [43] proposed hypergraph, it has demonstrated its
powerful learning abilities in clustering and classification. Unlike the
learning method of traditional graph (simple graph) that assumes pair-
wise relationships between samples, the relationships between similar
samples are represented by hyperedges, which can contain n vertices
(n > 2). Hypergraph as a generalization of graph learning, is used for
label propagation on hypergraph structures. It preserves complex re-
lationships without losing similar information between samples, which
helps improve the classification performance of the model. In Fig. 3, an
example is provided to illustrate the difference between a hypergraph
and the simple graph.

Given a set of vertices V={v,, v,,..., v,} that J..r=V and
hyperedges E={e,, e,,..., e,}, the definition of the incidence matrix
H € R™™ is as

@

Based on H, the degree of hyperedges é(e¢) can be expressed as
le] = X ,ep h(v,e) and the degree of vertex d(v) can be expressed as
> ecr W(e)h(v, e). The calculation method of the weight of hyperedges
can be used as proposed by Hang et al. [44]:

2
| [ - x|
O = e~ ( 2 ew— :

;.0 lee

H=hw.e = {1

). (2

Hypergraph Laplacian is an important concept in hypergraph the-
ory. Similar to the Laplacian matrix in general graph theory, there
are many ways to define its Laplacian operator. In this paper, Zhou’s
normalized Laplacian [43] is used, which is defined as:

3)

where D, D,, W are the diagonal matrices composed of d(v), (e), w(e)
respectively. I is an identity matrix with appropriate dimensions.

_L Lot L
L=I-D, 2HWD,'H'D, 2,

2.2. SVM-2K

In order to fully utilize the consensus information between views,
the differences between different views are embedded into a collabora-
tive regularization. Farquhar et al. [27] proposed the SVM-2K method,
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Fig. 3. Simple graph vs. Hypergraph. (a) Simple graph and its vertex-edge incidence matrix. (b) Hypergraph and its vertex-edge incidence matrix.

which jointly achieves the minimization of the loss function by com-
bining the margin maximization problem in the support vector machine
and the co-regularization term into a unified framework. SVM from two
different feature spaces are integrated using similarity constraints:

Wi +by —whdp(?) —bg| <ni+e, Q)

where w,, by, wg, b,y are parameters of binary SVM classifier with
different feature spaces, x[.",xf are the training samples of two views.
¢4(), ¢p(-) represent the kernel function of the corresponding views.
To obtain the optimal solution for the aforementioned parameters, the
optimization problem for SVM-2K is expressed as follows:

) l n n n
min E<||WA||§ +lwgl3) +er Y&+ Y eE 4D,
i=1 i=1 i=1

M)A,I,UB
st )wng,,(x;*) +by— whpp(xP) - bB‘ <n+e,

y,hoG) +b) 21—, 6]
y,Wpp(xP) +bp) > 1 - &P,
A B
720,620,120,
1<i<n,

where 51.1 s cfiz, n; are slack variables and ¢y, ¢,, 4, € are nonnegative param-

eters, and set ¢ to be zero. The dual problem of the above optimization
problem can be written as:

A ¢B 4A 4B
6 al a;

. 1N a4 BB AL B
min _5,-;1 (€KAo x) + PP K (g, X)) + ;(a,. +ab)

A_ A -
st (A =aly,— BT+ P,
B_ B -
& =aly + B - B

Zn‘, g=tf=0,
i=1

0<p B +p <A,

+/-
0<a/’ <c¢p,

©

,.A/ B ﬂ:/ "~ are the vectors of Lagrange multipliers. With the op-

timal solution of this optimization problem i,, b;, &, b,. The decision
function of SVM-2K is

where a

Fx) = %(@Td)l(x:) + by + 1y (02 + by). @)

2.3. Lap-LpLSTSVM

Recently, Xie and Sun et al. [17] proposed a novel Laplacian Lp
norm least squares twin support vector machine (Lap-LpLSTSVM),
which used Lp norm to replace L, norm in Laplacian least squares twin
support vector machine (Lap-LSTSVM) [16]. It can be more effectively
utilize unlabeled data by introducing an Lp norm graph regularization
term utilizing eigenvalue decomposition, harnessing data’s embedded
geometric information, and enhancing the model’s generalization ca-
pability. Suppose the total number of training samples is m in the d
dimensional real space, with / labeled samples and u unlabeled samples,
which / +u = m, and the positive sample number of labeled samples is
m; and the negative sample number is m,. Lap-LpLSTSVM can be given
as follows:

. 1

min Fi=3 [HZ\|]) +cr | Z1]]) + 2 |GZy + ea||) + 5 [| PZ4 |5 ®
. 1

min h=3 1GZa ) + e[| Zal) + e |-H Zy + ey ||} + 5 | P2 (©)]

where H = [A¢|].G = [Bey].Z, = [w! b] (k=1.2), and 4 €
R™*d B € R™* the positive and negative data respectively, ¢, c,,
c3 > 0 are the regularization hyperparameters, e;, ¢, are the vectors of
ones with suitable dimensions. The Lp norm can be expressed as ||x||§ =
(> x17) % For matrix P, since the Laplacian matrix L is symmetric,
allowing it to be decomposed using eigenvalue decomposition as L =
QAQT, where Q is a matrix of eigenvectors, and A is a diagonal matrix
with eigenvalues along the diagonal. The graph regularization term of
Lap-LpLSTSVM can be expressed as:

(JZk)TQAQT (12) = [Pz, (10)

where J = [C ¢e],C e]R’"Xd includes all the labeled and unlabeled data,
e e R™! and P = A2Q"J. In order to solve Eq. (8) and Eq. (9) more
conveniently, a diagonal matrix is introduced, the above equations can
be written as:

min F, = %ZITHTDI HZ, +¢,2TD,yZ, + ¢y(GZ, + &) Dy(GZ, + &)
1
+¢,Z PTD,PZ, an
min F, = %ZZTGTEIGZZ + 01 ZT By Zy + ey (~H Zy + e Ex(~HZ, + ¢))
2

+¢,Z] PTE,PZ, , 12)
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where
1 1 1
D, =diag( s
‘ R A
1 1 1
D, = diag( = seees ),
—-p 2—-p 2-p
|Zu]™" 2] ‘Zl(d+l)|
1 1 1
D; = diag( —, —, s —
1G\Z, + 177 G, Z, + 177 |Gy Zy + 177
1 1 1
D, = diag( R s )s
) |P121|2_p |P221|2_p |Pm21|2_p
1 1 1
E, =diag( s Yoy s
1 G2, 162 2o G 2o
1 1 1
E, =diag( —, — s
|Za|" |20 ’ZZ(dH)‘
1 1 1
E; =diag( R s ),
} |-H\Z, + 177 |-H,Z, + 1" |-HpZ, + 177
1 1 1
=diag( —, — s —),
[P Z, " | P2, P2,

here H;,G; denote the ith row data of matrix H and G, respectively.
P, represents the ith row data of matrix P. Z, (k = 1,2) denotes the
ith element of Z,. By taking the derivative of Eq. (11) and Eq. (12)
with respect to Z; and Z, and setting them to zero,we can derive the
solution as follows:

Vz Fi=H'DHZ +2¢,D,Z; +2¢,G' D3 (GZ, +¢,)

+2¢,PTD,PZ, =0, 13)
V2, Fo =G E\GZy +2¢,E,Zy =2, H Ey (~H Z, + ¢

+2¢,PTE,PZ, = 0. 14
Then we can obtain:
Z, = =2¢;(HT D\ H +2¢, D, + 26,G" D3G +2¢,PT D, P) ™' G” Dse,,

1s)

Z, =2¢)(GTE\G + 2¢,Ey + 2, H” E3H +2¢,PTE,P) ™ H” Eye;.  (16)

After we obtain the two nonparallel hyperplanes, the prediction func-
tion of new data can be written as

wlTx + by ng + b,
f(x) = sign - . aa7)

lwilly [l
3. Our proposed methods

Based on the multi-view semi-supervised learning framework, we
broaden the single-view Lap-LpLSTSVM to multi-view learning by in-
corporating multi-view regularization terms that connect predictions
from diverse viewpoints. In order to further explore the manifold struc-
ture and embedded geometric information of multi-view data, we in-
troduced hypergraph learning, which employs hypergraph regularized
to replace the original simple graph structure information.

Suppose a multi-view dataset with m training samples training is
denoted as: S(i = 1,2, ..., M), M is the number of views. For the ith
view, the training dataset can be represented as:

() (i) () ()
S {07 Yo () ek}

which included / labeled samples and u unlabeled samples and /+u = m.
Let X(’) {x(')}j € Rixdi x = {x;i)}”“” € R¥%di denote the labeled
data and unlabeled data respectively, d; is the feature space dimension
of examples in the ith view, Yf” = { yl(.i> };z L E{-L+1} denote the labels.
For labeled data we set matrix A; € R™*4 B; € R™>4 to denote the
‘+1” class and “—1” class, where m; +m, = I.
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3.1. Linear MvHGLpLSTSVM

The optimization problem for linear MVHGLpLSTSVM is formulated
as:

M
. 1
min £1=52||Gv|| +c12||u||p+c22||Hu +e2||
M

1M
min £z=52 il +c12||u||"+czz|| G, +ei]!

i=1

+

]

lME

”G v, —ijj”Z+c4z P2 (18)
; £

M M
P
ta ), X |[Hw - | e Z [ B[, 19
i=1 j=1,j>i p -1

where G; = [A; ||, H; = [B; ¢;], ¢; and e, are vectors of ones with
appropriate dimensions. v; and u; are hyperplane parameters of positive
and negative examples respectively to the ith view. Similar to Eq. (10),
for the ith view, eigendecompose the corresponding Laplacian matrix

= Q,-AI-Q,.T, then P, = A,20,7J,, ¢;, ¢, c3, ¢4 are non-negative
hyperparameters obtained by the grid method. Before optimizing the
aforementioned problems, we provide the geometric interpretation. In
Eq. (18) for the ith view, we conduct the following analysis:

D |Giui|l7 + ¢ || H;v; + e[} is empirical risk of positive examples,
which is similar to the loss in standard SVM. It considers the loss
of labeled and unlabeled samples, used to measure the model’s fit
to the training data. The loss of unlabeled samples is influenced by
the graph Laplacian, which helps to correlate unlabeled samples
with their surrounding samples, thereby utilizing the distribution
information of unlabeled samples during the learning process.
And ¢, is the penalty parameter that determines the trade-off
between the loss terms in Eq. (18).

¢ ||U,-|I5 is the Reproducing Kernel Hilbert Space (RKHS) regular-
ization terms, ¢, controls the complexity of £ in the associated
Hilbert Space. For RKHS regularization terms, it uses kernel func-
tions to calculate the complexity of the model in the feature space,
mapping the data in the input space to the high dimensional
feature space, thus making linearly indivisible problems linearly
separable in the high dimensional space.

c3 “Gi v; =G jHZ represents a co-regularization term which aims

(2

—

@3

=

at minimizing inconsistency among views, obtaining the optimal

consensus matrix, and enhancing the consistency of distinct views

from multiple perspectives. c; is the penalty parameters.
@ ¢ ||P,-v,-||z is a manifold regularization term. ¢, controls the func-
tion’s complexity within the inherent geometry of the marginal
distribution. In the SSL framework, the manifold learning assumes
that in a high dimensional data space, the actual data distribution
is typically situated on one or more low dimensional manifolds.
In short, this is like penalizing the “rapid changes” of the classifi-
cation function when assessed among neighboring samples on the
graph [45].

Then we introduce diagonal matrix, the Eq. (18) and Eq. (19) can be
rewritten as:
M M

1
3 Z (Givi)TD“ (Giu,-) +c Z viTDZiU,-

min £y =
Yi = -
=1 i=1

-

T
+cz (H,-U[-+82) Ds;(H;v; + ¢;)

(20)

+
'EAa
Mz

i
o
ii
<
Y

(Givi — Gjuj)TD4,~ (Giu,. - Gjuj)

Mz
=
=
=
)
=4
~
<

+c4



J. Lu et al. Pattern Recognition 156 (2024) 110753
T T T
et <D412 + ---+D4]M)Gl ~GTD, G, ~G"D,,, Gy
T T T
I, = =G, Dy, G, G (D412 +tot+ Dy, ) Gy —G; Dy, Gy ,
T T T
~G" D, G ~GT D, G, 6T, (D41M +---+D4(M7])M)GM
T T T
H <E412 R E41M) H, ~HTE, H, ~HTE, Hy
T T T
- -HTE, H, H! <E4]2 +tEy, ) H, ~HTE, Hy ,
T T T
~HTE, H, -HT E, H, HT (E41M +ot By ) H,,

M M
. 1
rr,En L, = 3 zf (H,u,-)TE“ (H,-u,-) +¢ Z ul.TEz,-u,-
i= =

+622 -Gu; +el E3i(—Giui+el)

Yo

Z 2 (Hyu; — Hyu;)" Ey (Hu, — Hyu;)
i=1 j=1,j

M

+c4 E5l Pu)

where
1 1 1
Dy; = diag( > T =),
[ o ‘ iy v,~| !
. 1 1 1
D,; = diag( s 750 =)
[vit] |vial |u,~(di+1)|
D, = diag 1 1 - 1 ),
|H]v +1| |H,zui+l| )Htmz 1+1|
. 1 1
D4ij =diag( 7 PR
’G,-IU,-—GI-IUJ-‘ ‘Gizvi—GﬂUj|
1
ey —2—p)’
)G,.m]u,. —Gjm]uj)
1 1
Ds; = diag( s —
P, 1U|2p | Pl ||
1 1 1
E,; = diag( —, — —),
|Hi1ui|2 ’ |Hi2“i|2 |H1m2 ,|2 b
. 1 1 1
E,; =diag( g PR
|uas1 | |t | ‘ui(dl_Jrl)‘
1 1 1
Ey; = diag( —, —, .. —).
|~Gou, + 1777 |=Gou, + 17 ( Gt + 1 =
. 1 1
E,;; = diag( Pt ot
|H,-1u,-—Hj1uj) |Hi2ui—Hj2uj)
1
=)
)Hl’"z Ui Hjmzuj)
. 1 1
Es; = diag( |2 >)-

|7 uulfp | P
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Box I.

Algorithm 1 . Linear MVHGLpLSTSVM

1: Input: Multi-view training data S'(i = 1,2, ..., M), hyperparameters
¢y, ¢, €3, ¢4, convergence constant ¢ and max iterations k,,,, .

2: Calculate the hyperedge weight w(e) by Eq (2) and construct the
hypergraph L; of the i-th view by Eq (3).

: Initialize v and u with the vectors of ones.

: for i < k,,,, or abs(v' — v"*) < e and abs(u’ —u'*!) < e do

Update v by Eq (25).

Update u by Eq (26).

i=i+1.

: end for

: Output: Given a multi-view test data x = (x| - x,), if the result
of Eq (27) > 0, it is classified to class +1, otherwise class -1.

2D

© ® NI R W

Then, we define the following matrices, I, and I, consistency matrices

of the positive and negative classes (see Box I).

G =diag(G,,G,,....Gy), H =diag(H,, H,, ..., Hyy),

P =diag(P,. P,...., Py), D, =diag(D,;, Dp. ..., D). (22)
. T T

E; = diag(E;;, Ep, ..., Epp), v= (0] - 00)", u=(ul -ul,) .

The original optimization problems for Eq. (20) and Eq. (21) can be

rewritten as the following forms:

mbin L, = %UTGTDIGU + 0" Dyv+ cy(Hv+e)' Dy (Hv + e)

+c30T Iv + ¢qv” PT Ds P, 23)
muin Ly, = %uTHTElHu +ciu” Eyu+ ¢3(—Gu + )T E5 (—~Gu + e)

+ cyu! Lu + c,u” PTEsPu. 24)

By taking the derivative of v and u in Eq. (23) and Eq. (24) respectively,
then set them to zero, we can obtain:
~(G" DG +2¢, Dy +2¢, HT DyH + 231, +2¢, PT DsP)™
~202HTD3e, (25)
u=(HTE\H +2¢,Ey + 26,G" E3G + 2c315 + 2¢, PT EsP) ™' - 2¢,G7 Ese.
(26)

Upon obtaining optimal parameters, the prediction function of linear
MvHGLpLSTSVM is as follows:

—SIgn(Z‘[x,,l] u|— ’[x‘,l] u‘) 27)

The algorithm of linear MVHGLpLSTSVM is shown in Algorithm 1.
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3.2. Nonlinear MvHGLpLSTSVM

For nonlinear classification, we extend MVHGLpLSTSVM using ap-
propriate kernel functions. The kernel-generated hyperplanes of the ith
view can be written as:

K(xI,.ch)yw+b =0, K(xI,Cl)w; +b] =0, (28)
where K(-,-) is the kernel function we can choose. C; € RU*Wxd
represents training data of the ith view. Then we define:

Gy = (K(A;,CT).e)), Hy, = (K(B;,CT), ey),

1
Jgi = (K(C.Cl)se) Py = ("¢f2Q¢iTJ¢i)’

o= () u= ().
bt )’ by

The optimization problems for nonlinear MVHGLpLSTSVM can be ex-
pressed as:

(29)

LM ) M M )
mvin L, = 3 ”Gd,,-u,-) , + ¢ z ||v,-||1; +cy Z HH¢,-u,- + eZ“p

i=1 i=1 i=1

M M , M , (30)

+ C3Z Z HGWU,-—G@UJ-”,)+C4Z”P@-vi”p,
i=1 j=lj>i =1
| M ) M M ,

Il’}‘il’l L, = 3 Z HHd,,-u,-“p +¢; 2 ||u,- ||Z +c, Z ”—G‘,”-u,- +e; Hp

i=1 i=1 i=1 @1

MM P < P
—+ c3z Z HH@MI-—H¢juj“p+c42HP¢iu,~”p.
i=

i=1 j=1,j>i
Similarly to the linear MVHGLpLSTSVM, we can obtain the optimal
solution for hyperplane parameters v and u after using kernel functions:

-1
v= —(G£D¢IG¢ +2¢, Dy +2¢, HY Dy Hyy + 26314, + 2c4P$D¢5P¢)
. 2c2H£D¢3e, (32)

¢
~2chqT5E¢3e, 33)

-1
T T T
u= (H Eg1Hy +2¢1 Egy +26,Gy Eg3Gy + 2314 +2¢4 Py Eyss Pd,)

where Gy, Hy, Py, Dy, Ey (0= 1,2,...,5), Iy (k= 1,2)
are the matrices corresponding to Eq. (22) that are mapped from a
low dimensional space to higher dimensional space by using a kernel
function. After obtaining the updated values of v and u using the above
equations, for a new data point x, we use the following formula to
predict its class:

M M
/= sign(y, ‘[K(xiT,CiT), 1]Tu,.) -y ‘[K(xiT,c,.T), 1 v,]). (34)
i=1 i=1

In summary, the nonlinear MVHGLpLSTSVM algorithm is given in
Algorithm 2.

3.3. Time complexity

In this section, we analyze the time complexity of MVHGLpLSTSVM.
For the training process, N represents the total number of training
samples, d; represents the feature dimension corresponding to the
ith view, M represents the number of views and T represents the
maximum number of iterations. Based on LSTSVM, the optimal solu-
tion is obtained by solving a linear equation system. Therefore, for
linear MVHGLpPLSTSVM, we need to solve an inverse matrix of size
Zil‘il (d; +1)x Z,Ail d;+1),set p= Zle (d; + 1), so its time complexity
is O(2T p?). For the nonlinear MVHGLpLSTSVM, set 2 = (N + 1) x M,
need to solve an inverse matrix of size Q x €, so the required time
complexity is OQ2T23).
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Algorithm 2 . Nonlinear MVHGLpLSTSVM

1: Input: Multi-view training data S'(i = 1,2, ..., M), hyperparameters
¢y, ¢, C3, ¢4, appropriate kernel function K(:,-) and its parameters
o, convergence constant ¢ and max iterations k,,,, -

2: Calculate the matrices Gy, Hg, Jy, P, mapped using kernel
function in the i-th view.

3: Calculate the hyperedge weight w,(e) by Eq (2) and construct the
hypergraph L, of the i-th view by Eq (3).

4: Initialize v and u with the vectors of ones.

5: for i < k,,, or abs(v' — v'*!) < e and abs@' — ') < e do

6: Update v by Eq (32).

7:  Update u by Eq (33).

8 i =i+1.

9: end for

10: Output: Given a multi-view test data x = (x, -+ x,,), if the result

of Eq (34) > 0, it is classified to class +1, otherwise class -1.

4. Connections with previous methods
4.1. MVHGLpLSTSVM vs. Lap-LpLSTSVM

Lap-LpLSTSVM can effectively solve the single-view semi-supervised
problem by combining Lp norm with LapLSTSVM. Based on this, we
extend it to multi-view learning and our method is able to handle
multi-view data. The difference between the two is as follows.

1. Lap-LpLSTSVM is a single-view method. MVvHGLpLSTSVM can
not only process single-view data, but also deal with general
multi-view data, using the potential relationships between views
to maintain the accuracy of prediction results through consis-
tency constraints.

2. Unlike most methods, the manifold regularization term of our
method considers not only pairwise relationships between data
points. MVHGLpLSTSVM utilizes the multivariate manifold struc-
ture of the hypergraph to better explore the high-order cor-
relation among data, thus obtaining better performance [18,
46].

4.2. MyHGLpLSTSVM vs. MVNPSVM

MvVHGLpLSTSVM and MVNPSVM are both proposed for multi-view
classification, effectively utilize the consensus principle of MVL. How-
ever, MVNPSVM cannot utilize unlabeled information and is not suit-
able for semi-supervised learning. There are significant differences
between the two.

1. MVHGLpLSTSVM, based on the manifold assumption and uti-
lizing manifold structure by hypergraph, can effectively lever-
age the unlabeled information in samples to assist in training.
Even with a limited number of labeled samples, it can still per-
form remarkably well. In contrast, MVNPSVM, as a supervised
learning method, exhibits a significant decrease in classification
performance under such circumstances.

2. MVHGLpLSTSVM is a general multi-view learning method. Un-
like MVNPSVM, which can only handle two-view problems,
MvHGLpLSTSVM can utilize information from all views, fully
exploiting the latent connections between views, and achieving
better performance in multi-view classification tasks.

3. Unlike MVNPSVM, which is constructed based on the L, norm,
MvHGLpLSTSVM adopts Lp norm and the adjustability of the p
value, resulting in less affected by outliers and noise. As a result,
it exhibits the excellent performance across different datasets.
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Table 1

Description of the real-world datasets.
Dataset Samples Attributes Views Classes
Handwritten 2000 649 6 10
NUS 2400 1134 6 12
BBCSport 544 6386 2 5
Caltech-101 1474 3766 6 7
Cora 2708 9553 2 7
WebKB 203 2163 3 4

Table 2

The specific number of each class in the imbalanced dataset.
Dataset 1 2 3 4 5 6 7
WebKB 21 66 107 9
BBCSport 62 104 193 124 61
Cora 818 180 217 426 351 418 298
Caltech-101 435 798 52 34 35 64 56

4.3. MVHGLpLSTSVM vs. GMvLapSVM vs. GMvLapTSVM

GMvLapSVM and GMvLapTSVM are natural extensions of
MvLapSVM and MvLapTSVM to general multi-view methods. Similar
to MVHGLpPLSTSVM, they can address the general multi-view classifica-
tion problem by jointly learning multiple distinct views in a non-paired
way. However, they differ in specific studies.

1. MvHGLpLSTSVM adopts manifold regularization by hypergraph
on each view, while GMvLapSVM and GMvLapTSVM utilize
manifold regularization terms based on simple graph. This al-
lows our method to accurately represent the complex structure
of the data.

2. Similarly, MVHGLpLSTSVM is based on LSTSVM, modifying in-
equality constraints into equality constraints. The system of
linear equations is directly solved to obtain its solution without
any external optimizers. By incorporating the Lp norm, it en-
hances the model’s insensitivity to noise and better utilizes the
geometric information embedded in the data.

5. Experiments

In this section, we validate the binary classification performance
of MVHGLpLSTSVM on Handwritten, Course3, BBCSport, Caltech101-
7, Cora and WebKB multi-view datasets. Table 1 provides detailed
descriptions of the real-world datasets. The number of each class in the
Handwritten and NUS is 200, while the number of each class varies
across the remaining four multi-view datasets, as shown in Table 2.
Our experiment was conducted on Matlab R2021a with Intel (R) Core
(TM) i7-9700K CPU @ 3.60 GHz and 32 GB RAM.

For the partitioning of the dataset, in order to avoid the imbalance
in sample size caused by random selection, we maintain an equal pro-
portion of positive and negative classes. 8% of the samples are labeled
as training samples, 52% are unlabeled as training samples, and the
remaining 40% are test samples. Regarding the convergence conditions,
we set the convergence threshold ¢ to 0.01 and the maximum number
of iterations k,,,,, to 20. The p-value of Lp norm is selected from the set
(1, 1.5, 2, 2.5, 3}.

To better improve generalization performance and model reliability,
we perform 5-fold cross-validation to obtain the optimal hyperparame-
ters ¢y, ¢, ¢3, ¢4. This means that during each training round, we divide
the labeled and unlabeled samples into 5 groups, using 4 groups as
training samples each time and the remaining set of labeled samples as
test samples, this process is repeated five times. To simplify the process
of training hyperparameters, we set c; = ¢;, ¢4 = ¢y, ¢, ¢, are chosen
from the set {2/|i=-2, -1, ..., 1, 2}.

For the case of nonlinear case, we use two kernel functions, lin-

ear kernel function K(x;,x;) = x/ij and RBF kernel K(x;x;) =
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2
exp(—”x';T);j”), where ¢ are chosen from the set {2/|i = -2,-1,...,1,2}.
After hyperparameter training is concluded, it is applied to test samples
to determine the final accuracy. This procedure is iterated five times
for each p-value. Subsequently, accuracy and standard deviation are
computed. The optimal performance is marked in bold. If the accuracy
is the same, the one with the smaller standard deviation is better.

In comparative experiments, for SVM classifiers, we use different
suffixes to represent different kernel functions, where “1” represents
the linear kernel and “2” represents the RBF kernel. For a single-view
model, we use View 1, for a two-view model, we use View 1 and 2, and
for others, all views are used by default.

5.1. Benchmark methods

We compare MVHGLpLSTSVM with following methods:

MvLapLpLSTSVM is the original version of our proposed method.
It is a multi-view semi-supervised learning method that expresses
manifold regularization by using Laplacian graphs of simple
graph.

Lap-LpLSTSVM [17] is a novel single-view semi-supervised clas-
sification method that leverages adjustability of the parameter p,
incorporates Lp norm graph regularization to extract geometric
information.

MvLapSVM [28] is a method for multi-view semi-supervised
learning that integrates manifold regularization and multi-view
regularization into the standard SVM formulation, providing a
natural extension from multi-view supervised learning to multi-
view semi-supervised learning.

MVNPSVM [31] is a novel multi-view supervised classification
method based on the nonparallel support vector machine
(NPSVM) that combines the principles of large margins and
consensus, extending the advantages of NPSVM to the multi-view
learning domain.

GMvLapSVM [36] is a general multi-view semi-supervised learn-
ing method that takes into account the principles of consis-
tency and complementarity. It is suitable for handling general
multi-view semi-supervised classification problems and improves
efficiency by reducing time complexity and introducing multi-
manifold regularization. It is a general multi-view least squares
version of MvLapSVM.

GMvLapTSVM [36] is a novel multi-view semi-supervised clas-
sification method that utilizes multi-manifold regularization and
combination weights to leverage information from multiple dis-
tinct views. It is a general multi-view least squares version of
MvLapTSVM.

MVAR [47] is a novel multi-view semi-supervised classification
method, leveraging adaptive regression with L,; matrix norm
loss functions and linear weighted combination to efficiently
handle large-scale datasets, offering robustness to low-quality
views.

ERL-MVSC [48] is a novel method for multi-view semi-supervised
classification. It innovatively addresses the challenge of multi-
view data with limited labels through a diverse, sparse, and
consensus-driven embedding regularizer learning scheme.

Note: Except for MvLapSVM and MvNPSVM, which are two-view learn-
ing models, all other multi-view methods are general multi-view learn-
ing models, meaning that they can use data from all views.

5.2. Handwritten

Handwritten data comprises features extracted from Dutch Utilities
utility maps, featuring handwritten digits (‘0’-‘9”), with 200 samples
per class, totally 2000 samples. These samples have been digitized into
binary images and represented by six feature (views) sets : (1) FOU:
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Fig. 4. Sensitivity of ¢, and ¢, in different pairs of Handwritten.
Table 3
Classification accuracies and standard deviations (%) on handwritten dataset.

Method 0,9) 1,4 (2,6) (5,8) 3.7
MvHGLpLSTSVM1 98.75(0.88) 98.13(1.93) 97.50(0.13) 93.75(4.28) 94.75(3.55)
MvHGLpLSTSVM2 99.75(0.34) 99.38(0.62) 99.75(0.34) 99.75(0.34) 99.25(0.52)
MvLapLpLSTSVM1 97.00(2.36) 92.00(1.12) 96.37(2.77) 95.50(2.23) 93.50(5.28)
MvLapLpLSTSVM2 99.63(0.56) 94.88(3.86) 99.13(0.71) 99.13(0.56) 97.25(1.80)
Lap-LpLSTSVM1 82.50(8.89) 78.75(3.52) 93.50(4.38) 95.45(1.34) 74.50(3.49)
Lap-LpLSTSVM2 96.63(3.21) 83.00(3.17) 97.00(1.35) 95.38(2.24) 92.62(6.18)
MvLapSVM1 99.50(0.28) 89.00(4.97) 98.13(1.17) 84.25(5.44) 96.37(0.93)
MvLapSVM2 99.13(1.30) 90.00(2.90) 96.37(1.73) 98.87(0.68) 97.79(1.00)
MVNPSVM1 93.26(1.46) 73.47(6.54) 94.13(2.41) 87.45(8.34) 89.74(6.32)
MVNPSVM2 80.38(4.23) 51.50(1.80) 91.63(4.52) 64.50(2.91) 71.63(3.80)
GMvLapSVM1 99.39(0.74) 95.67(0.58) 99.11(0.83) 99.14(0.69) 96.75(2.98)
GMvLapSVM2 99.62(0.34) 96.36(0.53) 99.56(0.26) 98.19(0.47) 98.11(1.29)
GMvLapTSVM1 99.65(0.33) 97.19(1.88) 99.47(0.49) 98.00(1.20) 97.88(1.14)
GMvLapTSVM2 99.63(0.56) 96.88(1.47) 99.00(0.95) 98.75(0.88) 99.25(0.81)
MVAR 99.33(0.26) 98.03(0.80) 99.17(0.24) 99.13(0.63) 96.70(0.85)
ERL-MVSC 99.62(0.24) 96.36(1.24) 99.40(0.35) 98.80(0.60) 98.75(0.24)

76 Fourier coefficients of the character shapes; (2) FAC: 216 profile
correlations; (3) KAR: 64 Karhunen-Love coefficients; (4) PIX: 240 pixel
averages in 2 x 3 windows; (5) ZER: 47 Zernike moments; (6) MOR: 6
morphological features.

As shown in Table 3, in experiments on randomly selecting 5
pairs from the handwritten dataset for binary classification which
include of all ‘0-9’, our method obtained the best performance by
using the RBF kernel function. Compared with the single-view semi-
supervised learning method Lap-LpLSTSVM, our method has significant
improvements in both linear kernel function and RBF kernel function,
reflecting the excellent performance of multi-view learning. Compared

with the multi-view supervised method MvNPSV), it can be seen that
our method can better utilize unlabeled samples to assist classification
tasks when there are fewer labeled samples, further demonstrating the
effectiveness of semi-supervised learning. Compared with other multi-
view semi-supervised learning methods, the experimental results show
that our method can utilize multi-view data more effectively.

The accuracy versus ¢; and ¢, for handwritten datasets is shown in
Fig. 4. We can see that for Handwritten (0, 9) and Handwritten (2, 6),
accuracy is not sensitive to the selection of ¢; and c,. For Handwritten
(1, 4), it often obtains better results when 1 < ¢; < 16. For Handwritten
(5, 8), when ¢, > 0.5, better results are often obtained. From the above
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Table 4
Classification accuracies and standard deviations (%) on NUS dataset.
Method (4,10) 9,12) (8,10) (6,12) 5,7)
MvHGLpLSTSVM1 78.50(2.82) 75.38(1.14) 84.75(5.22) 74.38(2.61) 76.63(3.08)
MvHGLpLSTSVM2 76.88(5.47) 78.38(3.02) 88.25(2.52) 77.18(2.35) 74.63(4.11)
MvLapLpLSTSVM1 80.63(5.21) 69.00(5.96) 82.75(3.89) 72.88(3.32) 68.63(6.99)
MvLapLpLSTSVM2 82.50(4.17) 75.75(2.04) 87.87(2.24) 76.63(3.08) 76.25(3.34)
Lap-LpLSTSVM1 76.13(8.09) 66.75(6.08) 78.25(3.07) 64.87(4.56) 67.50(3.06)
Lap-LpLSTSVM2 78.38(6.71) 63.13(7.94) 81.00(5.30) 60.50(3.99) 66.38(4.60)
MvLapSVM1 76.50(1.69) 66.50(4.16) 85.88(3.02) 66.63(3.41) 73.00(2.91)
MvLapSVM2 80.50(2.31) 69.75(4.69) 85.50(1.95) 71.63(2.57) 72.00(2.81)
MVNPSVM1 44.25(28.39) 52.50(23.95) 61.63(23.99) 55.31(18.52) 62.50(21.41)
MVNPSVM2 76.13(6.77) 62.63(2.48) 83.13(0.77) 60.12(6.03) 69.13(4.45)
GMvLapSVM1 67.38(6.01) 73.48(3.44) 86.59(0.40) 68.19(2.13) 71.88(1.25)
GMvLapSVM2 73.38(2.71) 73.45(2.43) 82.64(2.03) 72.53(2.62) 68.22(1.92)
GMvLapTSVM1 77.93(5.26) 62.26(3.63) 84.25(0.94) 72.56(1.70) 73.13(2.17)
GMvLapTSVM2 77.30(2.44) 71.10(3.25) 82.26(6.04) 66.09(1.04) 69.29(1.20)
MVAR 76.88(4.08) 71.68(4.17) 82.74(4.88) 70.28(3.37) 70.87(5.88)
ERL-MVSC 80.60(2.60) 77.77(1.83) 87.77(1.22) 75.27(2.98) 77.83(2.12)
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Fig. 5. The effect of different ratios labeled data of NUS on MVHGLpLSTSVM with (a) Linear kernel and (b) RBF kernel.

analysis and Fig. 4, it can be concluded that on the handwritten dataset,
the recommended values for ¢, and ¢, on are between 0.25 and 4.

5.3. NUS

NUS is a network image dataset created by the Media Search
Laboratory of the National University of Singapore. Six low-level fea-
tures (viewed as views) were extracted from these images: (1) 64-D
color histogram; (2) 144-D color correlogram; (3) 73-D edge direc-
tion histogram; (4) 128-D wavelet texture; (5) 225-D block-wise color
moments; (6) 500-D bag of words based on SIFT descriptions. In this
experiment, we used 6 views, 2400 samples, and 12 classes. Randomly
select several pairs for binary classification experiments.

As shown in Table 4, our method still obtained good performance
on the image dataset NUS. Compared with the single-view method, our
method achieved 15.23%, 7.25%, and 16.68% improvements on NUS
(9,12), NUS (8,10), and NUS (6,12). Compared with the benchmark
method MvLapSVM, it achieved improvements of 8.63%, 2.75%, and
5.55% in the above three experiments, respectively.

To verify the effectiveness of semi-supervised learning. On the NUS
dataset, the linear kernel and RBF kernel use labeled training sets with
different ratios (8%-40%), and testing sets with a ratio of 40%. The
hyperparameters are trained using a 5-fold cross-validation method,
and the final performance is shown in Fig. 5. The results indicate that
this method effectively utilizes unlabeled sample information and has
strong robustness, without causing overfitting or underfitting.

5.4. BBCSport

BBCSport is a synthetic multi-view text dataset that divides news
articles into relevant text fragments. It comprises 24 documents from

10

the BBC Sport website, containing sports news articles in five categories
from 2004 to 2005. The categories include athletics, cricket, football,
rugby, and tennis. The dataset used in this experiment consists of 2
views, and the dimensions are: (1) 3183; (2) 3203.

As shown in Table 5, our method obtained excellent results on
the BBCSport dataset with a sample size (544) much smaller than the
feature number (6386). As a dataset with strong sparsity, multi-view
learning method such as MVNPSVM perform poorly. On the one hand,
it is related to the sparsity of the dataset, and on the other hand, as
an SVM-based classifier, when there are few labeled samples and the
selection of support vector points is not ideal, it often achieves poor
classification results. In addition, we can see from Table 5 that the
effect of using the linear kernel function is generally better than the RBF
kernel function. It shows that the choice of kernel function is affected
by the data set to a certain extent.

5.5. Caltech-101

Caltech-101 is an image database containing 101 different types of
items, mainly used for research and experiments in the fields of pattern
recognition and computer vision. The image collection and annotation
of this database were completed by Li Fei-Fei, Rob Ferguson, Pietro
Perona, and others from the California Institute of Technology. The
Caltech-101-7 dataset contains 7 classes of image samples from 101
different object categories, with a total of 1474 samples, each with a
different number of samples. All images are represented by 6 views, and
the dimensions of each view are: (1) 48; (2) 40; (3) 254; (4) 1984; (5)
512; (6) 928. In order to simplify the calculation, we apply principal
component analysis (PCA) [49] to reduce the dimensionality of views
4-6, and the processed dimensions are (4) 388; (5) 123; (6) 207.
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Table 5
Classification accuracies and standard deviations (%) on BBCSport dataset.
Method (3,5) 2,4) (1,2) (4,5)
MvHGLpLSTSVM1 96.24(0.83) 97.17(0.97) 98.81(1.95) 99.46(0.74)
MvHGLpLSTSVM2 95.25(4.39) 94.57(4.07) 97.61(1.33) 97.84(2.26)
MvLapLpLSTSVM1 96.24(1.29) 96.52(1.61) 96.12(4.30) 98.38(2.22)
MvLapLpLSTSVM2 94.46(3.18) 95.65(2.03) 93.13(2.50) 98.92(1.48)
Lap-LpLSTSVM1 87.65(8.01) 95.38(5.57) 84.55(12.65) 91.08(9.96)
Lap-LpLSTSVM2 88.04(8.70) 92.97(2.97) 85.45(10.03) 87.84(7.99)
MvLapSVM1 85.32(6.16) 94.57(0.76) 94.63(6.47) 94.59(3.70)
MvLapSVM2 88.37(8.22) 93.26(6.22) 94.19(7.54) 88.89(3.83)
MVNPSVM1 78.61(7.51) 63.48(19.25) 73.88(18.02) 83.78(17.09)
MVNPSVM2 76.24(0.00) 54.35(0.00) 73.73(17.79) 67.57(0.00)
GMvLapSVM1 83.96(4.92) 97.39(1.65) 98.51(0.82) 87.30(4.23)
GMvLapSVM2 76.24(0.00) 93.48(4.28) 81.49(14.06) 69.73(4.83)
GMvLapTSVM1 87.13(4.08) 90.00(3.21) 92.84(5.11) 86.22(6.78)
GMvLapTSVM2 95.45(2.85) 96.96(1.79) 95.22(3.72) 91.89(6.89)
MVAR 80.45(5.35) 82.22(17.24) 81.63(13.52) 79.09(10.73)
ERL-MVSC 93.25(3.12) 95.90(1.53) 98.56(0.24) 94.74(3.20)
Table 6
Classification accuracies and standard deviations (%) on Caltech-101 dataset with Class 1 and Class 2.

Method MvHGLpLSTSVM1 MvHGLpLSTSVM2 MvLapLpLSTSVM1 MvLapLpLSTSVM2

Accuracy 96.55(1.06) 99.03(0.53) 95.33(1.11) 98.90(0.77)

Method Lap-LpLSTSVM1 Lap-LpLSTSVM2 MvLapSVM2 MvLapSVM2

Accuracy 95.86(1.37) 94.52(0.82) 90.23(2.28) 93.59(1.12)

Method MvNPSVM1 MvNPSVM2 MVAR ERL-MVAR

Accuracy 98.66(0.34) 92.27(1.34) 98.64(0.72) 98.57(0.35)

Method GMvLapSVM1 GMvLapSVM2 GMvLapTSVM1 GMvLapTSVM2

Accuracy 96.38(0.97) 95.08(0.74) 96.75(1.21) 96.14(1.21)

From Table 2, it can be seen that class 1 and class 2 account for
the majority of the dataset. Therefore, we selected these two classes
for comparison, and the results are shown in Table 6. Firstly, most
methods obtain good classification results due to the sufficient sam-
ple size, which makes it easier for most methods to find support
vector. Therefore, both single-view and multi-view models have good
performance, and the best classification performance of 99.03% is
obtained by MVHGLpLSTSVM using RBF kernel function. Compared
to MvLapSVM, which utilizes only View 1 and View 2, our method
achieved a 5.44% improvement. Other multi-view methods also show
improvements compared to the two-view methods. Therefore, it can be
concluded that effectively utilizing the information of other views can
better assist binary classification.

5.6. Cora and WebKB

Cora dataset comprises 2708 scientific publications categorized into
7 classes. The dataset is represented by four views, each with the
following dimensions: (1) 2708; (2) 1433; (3) 2706; (4) 2706. Each
publication in the dataset is characterized by a binary word vector,
denoted by 0/1 values, indicating the absence or presence of the
corresponding word in the dictionary. WebKB dataset consists of 203
web pages categorized into 4 classes. Each web page is characterized
by its page content, the anchor text of hyperlinks, and the text in its
title. The dataset is represented by three views, with the following
dimensions: (1) 1703; (2) 230; (3) 230. Same as the Cora dataset,
WebKB consists of 0/1 values.

On these two datasets, we conducted experiments with three pairs
selected for each, and the results are presented in Table 7. It is ev-
ident that whether a linear kernel or an RBF kernel is employed,
methods utilizing hypergraph generally outperform those without, un-
derscoring the effectiveness of hypergraph learning. Notably, for the
multi-view supervised learning method MVNPSVM, semi-supervised
learning leveraging unlabeled samples proves to be more advanta-
geous in meeting the classification task. In a series of comparative
experiments on the Cora dataset, we observe that the single-view Lap-
LpLSTSVM achieved the most favorable results. This suggests that in
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certain experiments, multi-view data may introduce some noise and
redundancy that impact the final results. However, on the whole, our
method consistently achieves superior performance.

5.7. Discussion

In the binary classification experiments conducted on the above
six datasets, our proposed method, MVHGLpLSTSVM, outperformed
others and achieved outstanding results. By incorporating a manifold
regularization term composed of Lp norm and hypergraph Laplacian
matrix for each view, and the classification performance is improved
by integrating information from different view under consistency con-
straints. To validate the effectiveness of our proposed method, we
conducted several analysis experiments. The results of the paired t-test
are presented in Table 8. Figs. 6 and 7 record the convergence and the
relative running time of the model . Based on these tables and figures,
we can draw the following conclusions.

1. MVHGLpLSTSVM dominates in the majority of ~ = 1 cases
(13/18) in NUS, BBCSport, and Caltech-101, indicating the most
significant performance improvement on these three datasets.
Although the improvement on the common dataset Handwritten
and the small dataset WebKB is modest, overall, our proposed
method proves to be effective.

2. Fig. 6 shows the convergence of MVHGLpLSTSVM across the six
datasets. We observe a rapid decrease in iteration difference,
indicating that our proposed algorithm is efficient, converging
within several iterations.

3. In Fig. 7, MVHGLpLSTSVM takes approximately twice as much
time as MvLapLpLSTSSVM due to the need to construct hyper-
graphs. The complexity of hypergraph calculation is related to
the sample size and the number of nearest neighbors considered.
On the smaller datasets BBCSport and WebKB, the running time
of MVHGLpLSTSVM is comparable to other comparison meth-
ods. Particularly, the time required for ERL-MVSC on BBCSport
exceeds others significantly. Usually, as a high-order graph, it
is acceptable to significantly improve performance by spending
extra time to construct high-quality graph.
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Table 7
Classification accuracies and standard deviations (%) on Cora and WebKB.
Method Cora WebKB
1,3 (4,6 1,6 1,2) 1,3) (2,3)
MvHGLpLSTSVM1 83.29(4.90) 72.46(4.82) 74.21(3.95) 74.94(8.68) 81.57(6.29) 78.26(5.32)
MvHGLpLSTSVM2 86.22(3.38) 88.96(2.63) 80.20(2.38) 77.06(1.32) 84.71(0.88) 68.70(3.92)
MvLapLpLSTSVM1 83.29(5.32) 69.67(5.61) 75.47(6.87) 76.47(3.60) 83.53(1.07) 65.80(7.36)
MvLapLpLSTSVM2 84.64(2.33) 86.17(2.96) 80.53(3.60) 75.29(1.61) 82.75(1.64) 70.43(9.75)
LapLpLSTSVM1 76.43(1.61) 74.38(1.99) 79.76(2.77) 62.29(7.11) 60.78(11.00) 55.07(4.23)
LapLpLSTSVM2 82.85(5.64) 82.07(2.34) 84.01(2.53) 76.00(3.11) 82.35(5.00) 71.30(12.78)
MvLapSVM1 79.37(0.63) 70.89(9.18) 73.51(10.79) 75.43(9.39) 82.40(4.98) 66.96(7.70)
MvLapSVM2 79.95(2.05) 77.51(9.33) 78.95(8.82) 70.86(13.16) 82.80(2.68) 70.72(8.41)
MvNPSVM1 84.35(0.86) 68.78(3.48) 71.86(5.14) 73.53(2.94) 80.78(3.77) 67.83(5.16)
MvNPSVM2 78.99(0.00) 76.91(9.46) 66.84(0.41) 68.82(9.44) 75.49(11.48) 61.16(13.99)
GMvLapSVM1 75.07(4.77) 78.28(5.65) 77.09(3.67) 67.06(4.83) 73.33(6.14) 73.04(5.85)
GMvLapSVM2 81.35(2.07) 75.61(4.08) 80.08(1.20) 77.06(2.46) 85.10(1.07) 64.06(1.59)
GMvLapTSVM1 80.77(3.19) 75.31(3.14) 76.92(5.28) 74.12(11.65) 77.65(11.89) 70.47(5.85)
GMvLapSVM2 80.68(0.59) 59.70(5.13) 71.66(2.31) 76.47(3.60) 83.14(2.63) 66.09(3.49)
MVAR 81.30(1.22) 86.67(10.62) 81.28(6.17) 74.57(7.60) 82.73(4.47) 75.78(12.57)
ERL-MVAR 81.53(2.52) 71.53(7.50) 77.86(9.30) 75.80(2.56) 83.05(1.20) 76.88(8.81)
Table 8
Paired t-test results of the accuracy and comparison algorithms of MVHGLpLSTSVM on all datasets.
Method Handwritten NUS BBCSport Caltech-101 Cora WebKB
h p h p h p h p h P h P
MvLapLpLSTSVM 0 6.81E-01 0 8.10E-01 0 4.86E-01 0 7.78E-01 0 1.54E-01 0 1.54E-01
Lap-LpLSTSVM 0 6.20E-02 1 2.45E-02 1 1.19E-02 1 6.77E-06 1 2.35E-03 0 2.94E-01
MvLapSVM 0 3.28E-01 0 8.93E-02 1 2.04E-02 1 9.49E-06 1 3.74E-02 1 2.70E-02
MvNPSVM 1 1.81E-17 1 4.74E-04 1 8.84E-08 1 3.81E-20 0 0.00E-00 1 7.55E-03
GMvLapSVM 0 5.20E-01 1 3.18E-13 1 1.28E-10 1 1.27E-18 1 2.75E-04 0 1.79E-01
GMvLapTSVM 0 6.81E-01 1 4.88E-13 1 2.57E-10 1 1.74E-15 1 7.30E-05 0 5.79E-02
MVAR 0 5.05E-01 1 2.90E-02 1 2.80E-03 1 4.67E-01 0 4.34E-01 0 8.74E-01
ERL-MVSC 0 5.07E-01 0 7.12E-01 1 1.23E-02 1 1.46E-01 1 1.20E-02 1 9.63E-01
0.5
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Fig. 6. The convergence curves of Z, and Z, on all datasets.

Our method is superior to other state-of-the-art methods for several
reasons: (1) Hypergraph, as high-order graph, can extend graph to high
dimensional and more complete nonlinear spaces, and better explore
high-order correlation among data, thus obtaining better performance
in practice. (2) The p value in the Lp norm is adjustable. The Lp
norm graph regularization term constructed through eigenvalue decom-
position can utilize the geometric information embedded in the data
and effectively reduce the impact of outliers and noise. For different
datasets, appropriate p value can be selected to achieve the desired
performance and improve generalization capabilities. (3) A general
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multi-view framework is proposed, enabling the utilization of informa-
tion from all views. Experiments demonstrate that incorporating more
view information can enhance the model’s performance.

6. Conclusion

In this paper, we propose a novel multi-view semi-supervised learn-
ing method, multi-view hypergraph regularized Lp norm least squares
twin support vector machines. Extending the semi-supervised model
constructed with Lp norm and hypergraph Laplacian to the MVL, we
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Fig. 7. Relative running time of all multi-view methods.

propose a general framework for multi-view semi-supervised learn-
ing. We compare it with the single-view semi-supervised method Lap-
LpLSTSVM and the multi-view supervised method MvNPSVM. Further-
more, we conduct comparisons with other state-of-the-art multi-view
semi-supervised methods, and experimental results demonstrate the
effectiveness of the proposed method. However, challenges arise when
dealing with large-scale datasets, such as the complexity of constructing
hypergraphs and the time-consuming matrix inversion process. Further-
more, performance may degrade in the presence of redundancy and
significant noise in the data from other views.

In future work, we will analyze its bound by using the statistical
analysis theory, investigate the impact of high-order graph on multi-
view SVM, and combine dimensionality reduction techniques with our
method. Additionally, we have noted some recent advancements in
matrix inversion methods [50,51] and improvements and acceleration
algorithms related to LapSVM [52-54]. In subsequent work, we will
consider incorporating these new technologies to accelerate model’s
solving, enabling better handling of large-scale data. In the field of
MVL, we will utilize the complementary information between views,
combine with weight information, and adaptively allocate weights
between views to alleviate the effects of view redundancy and noise. In
addition, our method is suitable for binary classification. We will adopt
either the one-vs-one or one-vs-rest strategy to extend it to multiclass
classification.
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